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1. Here it is,

2 2 1 1
U= — du = —Ed‘w = Fdw: —Edu
1
w=2 = U = w:m = uw = 100

2. Clearly the derivative of the denominator, ignoring the exponent, differs from the numerator only by a
multiplicative constant and so the substitution is,

u=t'+2t du=(4"+2)dt=2(2t"+1)dt = (2t3+1)dt:%du

After a little manipulation of the differential we get the following integral.

3
L, 11,
(£ + 2¢) 2) v
1
:Ef“_ad“
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_2( 2) e
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3. The solution is;

f[:n‘}:ff’(a:}dm:fa:‘4+3m—9da::%ms—l—%mﬂ—gﬂ:—l—c

4. In this case, x=11is between the limits of integration. Thus we can write the integral as follows

f_Zf{m) dm:f_;f{m) dm+£3f{:n) dx

The mathematics is then,
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[twa=[ @ [ s

1
=f 332d3+f 6 dx
—9 1

= :133'1_2 + t?':n:r|:13
=1—(—8)+ (18 —6)
=21

5. It looks like the substitution should be,
u=4y’—vy du = (8y — 1) dy

The integral is then,

f3 (8y —1)e' ¥dy—= 3[9“ du
=3e" +c
—=3e" ¥ ¢

6. Let's first get the most general possible first derivative by integrating the second derivative.
F@=[ 1@
1
= flﬁ:lﬁ + 52° + 6dx
2 i 5
=15(= Jzz 4+ —z'+6z+c
3 4
3 D 4
= 10z7 —|—Z$ + 6z +c
We can now find the most general possible function by integrating the first derivative which we found above.
3 D 4
f(z)= [ 1027 + 1 + 6z + cdzx
3 1 . 9
= 4r? 4+ Zm“ +3z°+cx+d

Now, plug in the two values of the function that we've got.
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5 1 29

404 = f(4) = 4(32) + i[1024)—|—3(16} tc(4)+d=1432+4c+d

This gives us a system of two equations in two unknowns that we can solve.

5—29+(‘+d
4 4 ' =

404 =432 + 4e 4+ d

The function is then,

s 1 13
f(x}:dmi+z;1:"—|—3mg—?1:—2

7.Givenz=f(x+iy)+g(x-iy)
Diff. partially w.r.t. x and y we get

dz r r [} L]
woP=fxtiy)+gx—iy)

dz

== if (x+iy)—ig'(x—iy)

Again differentiating w.r.t x and y we get

313 . ') - rr — -
== +iy) +g"(x —iy)
%z — . - —
P ffx+iy)—g"(x—iy)

Adding the above equations we get

iz + 3tz

dxs = dy* =0

8. Get things separated out and then integrate.
1 1

1 1
L
T'
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Now, apply the initial condition to find c.

1 1
_Z —In(1 —
g~ e e=—3
So, the implicit solution is then,
_l = In|f| — l
T 2

Solving for r gets us our explicit solution.
1

e
L _Injg)

9. First, we need to get the differential equation in the correct form.

dv
— +0.196v = 9.8
g T

From this we can see that p(t)=0.196 and so u(t) is then.
1 (t) = ef 01968t _ g0.196¢

Now multiply all the terms in the differential equation by the integrating factor and do some simplification.

Eﬂ.lﬂﬁi@ 4+ Gllgﬁeﬂ.lﬂﬁtv — glgeﬂ.lﬂﬁi

dt
[Eﬂ.lﬂﬁt,u)’ _ g_SEﬂ.lﬁﬁ:

Integrate both sides and don't forget the constants of integration that will arise from both integrals.

f(e“'mzv)fdt — fﬁ.&e“‘wm dt
0196ty 1 o _ 500196t | .

We can subtract k from both sides to get.

0196ty — 500196t | o

Both ¢ and k are unknown constants and so the difference is also an unknown constant. We will therefore
write the difference as c. So, we now have

Eﬂ.lﬁﬁ-tv — 5UED.IDEt te
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—0.196t

The final step in the solution process is then to divide both sides by e " orto multiply both sides by e
Either will work, but we usually prefer the multiplication route. Doing this gives the general solution to the
differential equation.

’U{t} — 5{] _|_Ge—ﬂ.lﬁﬁi

10. First, divide through by the t to get the differential equation into the correct form.

;2 1
Yy + Ey =t—1+ ?
Now let’s get the integrating factor, u(t).
p(t) = of Tdt _ g2ln[t
We need to simplify p(t), recall that
Inz"=rhez
and rewrite the integrating factor in a form that will allow us to simplify it.
() = e2lnltl _ gnlt” _ |t|2 _ 2

Now, multiply the rewritten differential equation (remember we can't use the original differential equation
here...) by the integrating factor.

(Py) = — £ 4t

Integrate both sides and solve for the solution.

t”y:fﬁ —t* ftdt

_14 13 12
gt gttt
1, 1 1 c

)= 2 gy
y) =gt —gt+5+4

Finally, apply the initial condition to get the value of cc.

1—(1)—1 l—l-l—l—r: = c—l
A T 12
The solution is then,
1, 1 1 1
t)=—t" ——t+ — 4+ —
yO) =7t —3tt 5t
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11. First separate and then integrate both sides.

y ldy==z(1+ 3:2)_?l dz

fy‘ady: f:t:(l —|—;r:9)_%d:1:

1
—— =y1+z’+e¢
2y?
Apply the initial condition to get the value of cc.
1 3
—— =3/14+ec ec=——
3 = V1 2

The implicit solution is then,

g =VIE

Reapplying the initial condition shows us that the “~" is the correct sign. The explicit solution is then,

292
Now let’s solve for y(x).
1
7= 3-2¢y1+42°
5 1
‘y =
3—-2v1+x?
1
y(z) ==+
V3 —-2/1+22
1
y(r)=—

V321 + 22

First, since 1+x?2

Let's get the interval of validity. That’s easier than it might look for this problem.
O the “inner” root will not be a problem. Therefore, all we need to worry about is division by zero and
negatives under the “outer” root. We can take care of both by requiring
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32y 14+22=0

3 =214 2%

9>4(1+27%)

9
Z =142
1 +

E:} x?
4

Finally solving for xx we see that the only possible range of xx’s that will not give division by zero or square
roots of negative numbers will be,

—— T < —
2 2
and nicely enough this also contains the initial condition x=0x=0. This interval is therefore our interval of
validity.

12. Here are the derivatives for this problem.

O (z) =2® — 102> +6 7 (3) = —57
U (z) = 3z° — 20z FV(3)=-33
3 (z) = 6z — 20 FP3)=-2
V(e)=6 £ (3) =6
o (z)=0 fP3)=0 n=4
This Taylor series will terminate after n=3n=3. This will always happen when we are finding the Taylor Series of
a polynomial.
Here is the Taylor Series for this one
= f™(3) n
mg—l[]:ng—l—ﬁ_; - (z —3)
i@+ @9+ w32+ @ 5o

:_57_33(1:—3)_(;1:—3) +(z—3)°
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13. Let f(x) = (1 + x)" where u is a real number and x#-1. Then we can write the derivatives as follows

(@) =p+2)",

f'(@) =p(p-1) 1+,
(@) =pp—1)(e-2)-1+)7,

fP @) =pp-1)(r-2)(k-nt+1) (L +2)
For x=0, we obtain
f(U):lj .f!(ﬂ):.u‘: f”([}):ﬂ(ﬁ—l}?... f(ﬂ'}([]:}:‘u,(p_]_)...('u,_n_kl)'

Hence, the series expansion can be written in the form

plp—1) o plp—-1)(Er-2) ,

(1—|—3:]“:1+u3:—|—T:r: — 30 T+ ...
—1)---(g—n+1
L kel nl(p: ) n oy

14. Using the binomial series found in the previous example and substituting u = % we get

z 31, 3(G-1(G-2) ,

ﬁ1+$:{1+$}9=1—|—§+T$+ 31 r ...
1. = 1-z2 1-3-2° 1-3.5.2°
e T oy T 2441
1-3-5---(2n— 3)z"
2"n!
Keeping only the first three terms, we can write this series as

2
TFz~14+2_Z
v 2 8

15. We'll need to start over from the beginning and start taking some derivatives of the function.
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n=0: f(x)=e
n=1: f'(z) = —6e
n=2: ' (z) = (—6)’e 0=
n=3:  fB(z)=(-6) et
n=4: fY(z)=(-6)"e ™

It is now time to see if we can get a formula for the general term in the Taylor Series.

f™(z)=(-6)"e ™ n=0,1,2,3,...

Recall that we don't really want the general term at any x. We want the general term at x = -4. This is,

" (—4) = (—6)"e® n=0,1,23,...

The Taylor Series for this problem.

R LT P £ o

16. We'll need to start off this problem by taking a few derivatives of the function.
n=20: f(z) =1In(3 +4z)

n=1: —4(3 4+ 4z) "

( ) = J+4zx
n=2: F(z) = —4*(3 +4z)
fz) =423 +4) "
O (@) =-4'(2)(3) 3 +4z) *
(x) =4°(2)(3) (4) (3 +42) "
The general term is given by,
O (z) = In(3 + 42) n=0
f®(z) = (-1)"" 4" (n— 1))(3 +4z) " n=1,23,..

n==5: (5)

We want the general term at x=0x=0. This is,
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F9(0) =1In(3) n—0
f0)=(-D"1"(n-1)(3) "

n 1
= (—1)""'4" (n — 1)l

:[—1)“+1(§)n{n—1)! n=123,...

The Taylor Series for this problem.

4

oo f[nj [D) .
In(3 + 4z) = Z_:ﬂ O
oo ‘f{n] ['l]) .
= f(0)+ X; R
. _1)’”1(%)“ (n—1)!
=In(3) + ) " z"
n=1
Do [_1}ﬂ+1 (%)ﬂ
— |In(3) +HZ=; - T
Answer 17:
1 _p 3, . f
20. Answer. /’.r. [u"f_l ‘ ﬁrﬂ:r.
3L

The integral can be rewritten as

F Ti2 e Bf3
[{.r. BBt 4 €M) dr

. L T 12 7/ .
which equals 5;4"]-“2 ?.rf“'“? F et +C.

Answer 18:
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Given the differential equation: x(dy/dx) - y = 2x?

Now, divide both sides of the equation by x, we get
(x/x)(dy/dx) - (y/x) = (2x*/x)

(dy/ax) = (y/x) = 2x..(1)

Hence, the differential equation is of the form:
(dy/dx) + Py =Q..(2)

Comparing the equations (1) and (2), we get
P=-1/x, and Q = 2x.

We know that the Integrating factor, IF = g/Pdx

Now, substitute the obtained values in the above formula, and we get
IE = gf (-1/x)dx

IF = g logx

As, xlogy =log y"

IF — b’

Hence, IF = x™! [Since /9 * = x]

IF =1/x [As, x ' =1/x]

Therefore, the integrating factor (IF) of the differential equation x(dy/dx) — y = 2x? is

1/x.
Answer 19:
7 4
n—=>0: flz)=— =Tz
!
n=1: fllz)=-74)z

()
()

£ (@) =7(4) (5) 2 °
(2) = —7(4) (5) ()=
()

CHAPTER -5,6,7
ASSIGNMENT 2 SOLUTION




(2) ()

f[‘”-} (:1:) = 7(—]_)“ 2) (3) (4) (5) [ﬁ) - (n + 3) I—[n+4}

_7(-1) (2)(3)(4) (5Jﬁ(ﬁ) I U ) T

= %(—1)”’ (n+3)le ™ n=0,1,2,3

_—

g

£ (-3) = (-1 (- 3)(-3) "

7(=1)" (n + 3)!

ﬁ(—3)ﬂ+4
11" (n+ 3)!
ﬁ(_l)n+4[3)n+4

7(n+3)!

ﬁ(—l)dtg)ﬂ+4
7(n+3)!

=—" n=1,273,...
6(3)!1‘!‘

ikay, at this point we can formally write down the Taylor Series for this problem.

m_?‘1 :i Fm (!_3) ($+3)n:i 7(n+3)!($+3)n _ i 7(n+3)(n+2)(n+1) (13

& n = 6(3)" *n! 6(3)" "

on't forget to simplify/cancel where we can in the final answer. In this case we could do some simplifying with the factorials.

Answer 20:
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Recalling that the derivative of the exponential function is

fllz) =€
In fact, all the derivatives are
EZ

F(0) = e® =1
frr(0) =e" =1
fr(0)=e"=1

We see that all the derivatives, when evaluated at x = 0, give us the value 1.
Also, l0)=1, so we can conclude the Maclaurin Series expansion will be simply:

T 1.2, 1.3, 1 _4 )
e Nl-l—:c+za: + 5T+ 5T+ T e
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