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What is a portfolio?

A portfolio is a collection of financial investments like
stocks, bonds, commodities, cash, and cash
equivalents, including closed-end

funds and exchange traded funds (ETFs).




1.1 Characteristics of a portfolio
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1.2 Types of portfolio

1. Inefficient Portfolio

A portfolio is inefficient if the investor can find another portfolio with the same (or higher) expected return
and lower variance, or the same (or lower) variance and higher expected return. A portfolio is efficient if the
investor cannot find a better one in the sense that it has either a higher expected return and the same (or
lower) variance, or a lower variance and the same (or higher) expected return.

However, an investor may be able to rank efficient portfolios by using a utility function.

2. Efficient Portfolio
A portfolio which is not inefficient is an efficient portfolio.



1.3 Risk Aversion
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2 Modern Portfolio Theory

Mean-variance portfolio theory, sometimes called modern portfolio theory (MPT), specifies a method
for an investor to construct a portfolio that gives the maximum return for a specified risk, or the
minimum risk for a specified return.

However, the theory relies on some strong and limiting assumptions about the properties of
portfolios that are important to investors. For example, it uses variance to measure risk and so
penalises gains as well as losses.

In the form described here, the theory ignores the investor’s liabilities, although it is possible to
extend the analysis to include them.

The application of the mean-variance framework to portfolio selection falls conceptually into two
parts. First, the definition of the properties of the portfolios available to the investor - the opportunity
set. Second, the determination of how the investor chooses one out of all the feasible portfolios in the
opportunity set.



2.1 Investment Opportunity

S

et

In specifying the opportunity set it is necessary to make some assumptions about how investors make
decisions. Then the properties of portfolios can be specified in terms of relevant characteristics.

It is assumed that investors select their portfolios on the basis of the expected return and the variance of
that return over a single time horizon.

Thus, all the relevant properties of a portfolio can be specified with just two numbers - the mean return
and the variance of the return.

The variance (or standard deviation) is known as the risk of the portfolio.

To calculate the mean and variance of return for a portfolio it is necessary to know the expected return on
each individual security, and also the variance/covariance matrix for the available universe of securities.



2.1 Investment Opportunity

Qat
Portfolio

Multi-asset Portfolio F:’eium

all the combinations of portfolios in the
market that an investor can invest in

Efficient
_* Frontier of
¥ Risky Assets
o

All Investable Risky Assets

(" 0

O
J
(

(

. . B S
T ‘ Risk-free
N L * asset _
| Portfolio

» Std Dev




2.2 Efficient portfolios

Two further assumptions about investor behaviour allow the definition of efficient portfolios.

The assumptions are:

(i) Investors are never satiated. At a given level of risk, they will always prefer a portfolio with a higher
return to one with a lower return.

(ii) Investors dislike risk. For a given level of return, they will always prefer a portfolio with  lower
variance to one with higher variance.

Once the set of efficient portfolios has been identified, all others can be ignored.

10



2.3 Choosing an efficient portfolio

 Aseries of indifference curves (curves which join all outcomes
of equal utility) can be plotted in expected return - standard
deviation space.

 Portfolios lying along a single curve all give the same value of
expected utility and so the investor would be indifferent
between them.

* Utility is maximised by choosing the portfolio on the efficient
frontier at the point where the frontier is at a tangent to an
indifference curve.
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2 4 Indifference Curves

Indifference Curve is a term used in portfolio theory to describe investor demand for portfolios based on the
trade-off between expected return and risk.
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2 4 Indifference Curves for various investors
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2 4 Indifference Curves for different levels of

| 1+l

Portfolio Indifference Curve
E’ef;"r,ﬁ,v /’ Moderate

utility Utility
Either Aor B
is fine

Satisfaction that
Investor's expected uz‘///z‘v IS f‘
*

the investor derives
Low from an investment
the same for all points along
a single indifference curve F“SK A"’erse

utility

U =E(r) — %*A*o?

Portfolio
¥ Std Dev

14



3 Aim of the Portfolio Theory

* Portfolio theory enables the investor to determine his optimal portfolio

* Optimal portfolio is the one which offers highest return for a given level of risk

* Mean-variance portfolio theory, sometimes called modern portfolio theory (MPT), specifies a
method for an investor to construct a portfolio that gives the maximum return for a specified risk,

or the minimum risk for a specified return.

* The theory relies on some strong and limiting assumptions
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4 Assumptions of mean-variance portfolio
- theory

1. all expected returns, variances and covariances are known

2.

2.

investors make their decisions purely on the basis of expected return and variance
investors are non-satiated

investors are risk-averse

there is a fixed single-step time period

taxes or transaction costs are ignored

assets may be held in any amounts, ie short-selling is possible, we can have infinitely divisible holdings,
and there are no maximum investment limits.
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5 Two applications of MVPT

/’

- First the definition of the properties of the
portfolios available to the investor - the
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6 Two Asset Portfolio: calculating weights

The Expected Return of a portfolio:

* To find an optimal portfolio, we need a method to define a portfolio and analyse its return.
* We can describe a portfolio by its portfolio weights, the fraction of the total investment in the

portfolio held in each individual investment in the portfolio:
e W. = Value of investment
|

total valus of Portfolio

«  These portfolio weights add up to 1(thatis 2 wi =)1
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6 Two Asset Portfolio: calculating weights

Given the portfolio weights, we can calculate the return on the portfolio. Suppose w, ,w, .......w_ are the
portfolio weights of the n investments in a portfolio, and these investments have returns R ,R ... R .
then the return on the portfolio R is the weighted average of the returns on the investments in the

portfolio, where the weights correspond to portfolio weights

Re = WiRy + waR2 + waR3 + -+ + W, R, = Y, WiR;

The return of a portfolio is straightforward to compute if we know the returns of the individual stocks
and the portfolio weights.
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6.1 The volatility of a two stock
QQ[ELftQ li)Qriance and the correlation of a stock’s return with itself?

Let R, be the stock’s return. From the definition of the covariance,
CovR,R,) =l R,—ERDR.—ER, BE RJ€ER, VR,

where the last equation follows from the definition of the variance. That is, the covariance of a stock with itself is
simply its variance.

Then,
Cov(RS, RS) Var(R,)
SD(R)SD(R,) 5D R;(* )?

Corr(Rs, R )

S

where the last equation follows from the definition of the standard deviation. That is, a stock’s return is
perfectly positively correlated with itself, as it always moves together with itself in perfect synchrony.

20



6.2 The Variance of a Two-Stock Portfolio

Var(Ry) = Cov(Rp, Ry)
— COU(X}R] + X2R2, lel + X'2R2)
= X1X1 Cov (RI’RI) + X1 X2COU(R1,R2) + X2 X1 COI)(Rz,Rl) + XzX'zCOl/(Rz, Rz)

Var(R),) = xZVar(R1)+ szar(Rz) + 2xx,Cov(R, R.)
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6.2 The Variance of a Two-Stock Portfolio

Covio
0102

P12 =

Coviz2 =(P1,2 010D

2>

Portfolio Variance = w12012 + W22052 + 2wWwi1wW2Cov1 o

Portfolio Variance = w2012 + W22022 + 2W1W2p1,20102
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6.3 Correlation between two assets

Correlation measures how returns
move in relation to each other.

It is between +1 (returns always
move together) and —1 (returns
always move oppositely). Inde-
pendent risks have no tendency
to move together and have zero
correlation.

Perfectly Perfectly
Negatively Positively
Correlated Uncorrelated Correlated
-] +1
Always Tend to No Tend to Always
Move Move Tendency Move Move
Oppositely Oppositely Together Together
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6.3 Positive correlation between two assets
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6.3 No correlation between two

assets
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6.3 Negative correlation between two assets

Covariance
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6.4 The Answer: Correlation coefficient

+71 Perfect positive correlation
Asset A

0 Totally uncorrelated

Correlation

- <

=71 Perfect negative correlation

Correlation

extent to which the returns of the two assets move together over time
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6.5 Minimum Variance Portfolio

Inorder to find the Minimum variance portfolio.
Vy = x3Va+ (1 —x0)%Vp + 2x,(1 — x4) Cyp

V, = f(xa)
We need to find that x, that minimizes our Vj,

X, = Vp—CaB
A Va—2Cpp+Vp

This is the proportion to be investedin Asset A which will maximize our

@ Check out the video on Minimum variance portfolio

V.
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6.5 Minimum Variance Portfolio

VB - CAB

A Y 2C,s + Vg

Prove the above result.
The variance of the portfolio return is:

VP = X,24VA +X§VB +2XAXBCAB
= x4V +(1—%4)"Va +2x4(1-X4)Cas

We want to choose the value for x, that minimises the variance Vp. To do this, we differentiate

and set to zero:

dVp
< 2XAVA—2VB+2XAVB+2CAB—4XACAB:0
< Xa(Va+Vg—2Cpp)=Vg—Cpp
Vg — Cap
XA

T V= 2Cap + Vg
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Question

CT8, September 2018, Q.4

An investor has £100 and is considering investing in two different stocks. The prices of both stocks are
assumed to follow the lognormal model with the parameters below.

Stock Current price Drift p Volatility o
A 5 5% 20%
B 5 8% 30%

(i) Calculate the expected value at time 3 of £100 invested in: (a) stock A (b) stock B.
(i) Calculate the standard deviation at time 3 of £100 invested in: (a) stock A (b) stock B.

The investor decides to invest £50 in each stock.
(iii) Calculate the expected value of the investor’s portfolio at time 3.
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X

Question

The correlation of the two stocks is 0.3.
(iv) Calculate the standard deviation of the value of the investor’s portfolio at time 3.

(v) Comment on the expected return and standard deviation of the portfolio compared to investing the
whole £100 in one stock.
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Solution

),
a. E[A]]l=A, exp(ut+0.50%1) = 100 exp(0.05*3+0.5%0.2% *3) = £123.37
b.  EIB,] = B, exp(ut+0.50% t) = 100 exp(0.08*3+0.5%0.32 *3) = £145.50

i)

a. SDIA.]l = V(A 2exp(2ut+0? t)(exp(a? 1)-1))
= V(1002 exp(2*0.05*3+0.2% *3)(exp(0.22 *3)-1))
= £44.05

b.  SDIB.] = V(B ? exp(2ut+0? t)(exp(0? t)-1))
= V(1002 exp(2*0.08*3+0.32 *3)(exp(0.3% *3)-1))
- £81.01

iii) E[P,] = O.5E[A3] + O.5E[B3] = £134.44

iv) V[P,] = 0.5? V[A,] + 0.52 V[B.] + 2*Correlation*0.5*0.5*SDIA,]*SD[B.]
- 0.25%44.05% + 0.25*81.01% + 2*0.3*0.5*0.5*44.05*81.01
= 2,661.03
SDIP,] = £51.59
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Solution

v) The expected return of the portfolio falls halfway between the expected return on each of the one-stock
investment strategies.

But the standard deviation is well below halfway between the two one-stock strategies.
The price of risk for stock A is 23.37/44.05 = 0.53

The price of risk for stock B is 45.5/81.01 = 0.56

But the price of risk for the portfolio is 34.44/51.59 = 0.67

So the portfolio delivers a better expected return per unit of risk [1] This is because the assets are not fully

correlated...
Which shows the benefit of diversification.
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Question

CT8 April 2008, Q6

(i) Outline the assumptions used in modern portfolio theory regarding investor behaviour that are necessary
to specify efficient portfolios.

(i) An investor can construct a portfolio using only two assets X and Y. The statistical properties of the two
assets are shown below:

X Y
Expected return 12% 8%
Variance of return 30% 15%

Correlation coefficient between assets X andY = 0.5

Assuming that the investor cannot borrow to invest:
(a) Determine the composition of the portfolio which will give the investor the highest expected

return.
(b) Calculate the composition of the portfolio which will give the investor the minimum variance.
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Solution

(i) Investors select their portfolios on the basis of the expected return and the variance of the return over a
single time horizon.

Investors are never satiated. At a given level of risk, they will always prefer a portfolio with a higher return to
one with a lower return.

Investors dislike risk. For a given level of return they will always prefer a portfolio with lower variance to one
with higher variance.

(ii)
(@) 100% in X - expected return of 12%
(b)  Proportionin X = (V, + C )/(V, +V, +C,)
= (15%% - 0.5 x (30%% - 15%%)°> )/(30%% + 15%% + 0.5 x (30%% - 15%%)°*)
=18.47%
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Solution

(ii) Plot indifference curves in return-standard deviation space.

Utility is maximised by choosing the portfolio on the efficient frontier where the frontier is at a tangent to the
indifference curve.
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7 Efficient Portfolios with two stocks

Consider a portfolio of Intel and Coca-Cola stock. Suppose an investor believes these stocks are uncorrelated
and will perform as follows:

Expected Return Volatility

Intel 26% 50%
Coca-Cola 6% 25%

How should the investor choose a portfolio of these two stocks? Are some portfolios preferable to others?
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7 Efficient Portfolios with two

stocks
Portfolio Weights Expected Return (%) Volatility (%)
Xy Xc E[Ry) SD[Ry]
1.00 0.00 26.0 50.0
0.80 0.20 22.0 40.3
0.60 0.40 18.0 31.6
0.40 0.60 14.0 25.0
0.20 0.80 10.0 22.4

0.00 1.00 6.0 25.0
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7 Efficient Portfolios with two

Expected Return
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7 The Effect of Correlation on Efficient Frontier
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8 Volatility of a large portfolio

We can gain additional benefits of diversification by holding more than two stocks in our portfolio.

Large Portfolio Variance
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9 Risk Return Space

The graph between expected return on the portfolio and the standard deviation of the portfolio is known as

risk-return space or the E-sigma graph.
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10 Effect of adding securities to a portfolio

50%9%

409
—
§ Elimination of
= S0%. = diversifiable risk
=3
o
'g 20% —————————————————————————— I ———— v

A
=
Correlated
10% {(market) risk
0% ' : b AF-
1 10 100 1000

Number of Stocks

The volatility declines as the number of stocks in the portfolio increases. Even in a very large portfolio, however,
market risk remains.
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10.1 N asset Portfolio

Portfolio Mean Return
Portfolio Mean, E = ER,

Portfolio Variance

Portfolio Variance, V = var R, = ° S wwC

ijoijig

where C..=9.00.
joSgiy

In order to calculate portfolio mean and variance we need:

N means, one for each security
N variances, one for each security

N*(N-1)/2 covariances

So a total of N(N+3)/2 parameter values are required.
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10.1 N asset Portfolio: components

Note that this means that with N different securities an investor must specify:

0 N expected returns.
0 N variances of return.
0 N*(N-1)/2 covariances.

So, a total of N*(N+3)/2 parameter values are required.

46



10.2 N asset portfolio: variance/covariance matrix

Variance/ covariance matrix shows the covariance between each pair of the variables

For 3 variables, the matrix can be shown as:

p— —

(11 2 Q3

(1 G Go3

(31 (32 (33

Where:
(fori#))

¢, is the covariance between variables j and j

(fori=)
c.is the variance of variable i

Since, ¢;= ¢, the matrix is symmetric about the
leading diagonal.
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= Question

CT8, September 2017, Q.2

(i) Define in the context of mean-variance portfolio theory:
(a) an inefficient portfolio
(b) an efficient portfolio

(ii) State the two assumptions about investor behaviour that are needed for the existence of efficient portfolios.
An investment universe includes two assets, A and B, with expected return on asset i of ri and variance vi as set

out below:
Asset Expected return Variance of return
A r, = 0.05 V, =016
B ry = 0.07 V, =0.25

The correlation of returns is Cpp = -0.2.
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Question

In an efficient portfolio, let a be the proportion which is held in asset A.
(i) Express the portfolio variance V in terms of a quadratic function in a, showing your workings.

Let R be the expected return on the portfolio.

(iv) Express the portfolio variance V in terms of a quadratic function in R, using your result from part (iii) and
showing your workings. [Your expression should not include a.]

The expression in part (iv) represents the efficient frontier.
An investor uses a utility function that gives rise to an indifference curve V =16R - 200R%.

(v) Determine the two portfolios on the efficient frontier that also lie on the investor’s indifference curve.

(vi) Comment on the implications for part (v) if short selling is not allowed in the market.
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Solution

(i)

(a) A portfolio is inefficient if the investor can find another portfolio with the same expected return and lower
variance, or the same variance and higher expected return.

(b) A portfolio is efficient if the investor cannot find a better one in the sense that it has both the same or higher
expected return and the same or lower variance.

(ii) The assumptions are:

(a) Investors are never satiated. [At a given level of risk, they will always prefer a portfolio with a higher
expected return to one with a lower return.]

(b) Investors dislike risk. [For a given level of return, they will always prefer a portfolio with lower expected
variance to one with higher variance.]

(i) V = a? vV, +(1- a)? V, +2a(l-a)V, V, )0-> CA,
=0.16a’+ 02501 -a)’>-2a(1-2a)(0.16 *0.25)°>* 0.2
= 0.49a% - 0.58a + 0.25
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Solution

(iv) R = aR, + (1- a)RB
= -0.02a + 0.07

So R?=0.0004a% - 0.0028a + 0.0049
SoV = 1225R? - 142.5R + 4.2225

(v) 1225R? — 142 5R + 4.2225 = 16R — 200R?
So R =0.0670 or 0.0442
Hence a = 0.1497 or 1.2889

(vi) The second solution implies a proportion of —0.2889 invested in asset B so would not be allowed, hence only
the first solution would remain.

)



Summary

* |Indifference curve

An indifference curve is a graphical representation of a combined products that gives similar kind of
satisfaction to a consumer thereby making them indifferent. Every point on the indifference curve shows
that an individual or a consumer is indifferent between the two products as it gives him the same kind of
utility.

* Opportunity Set

The expected return/standard deviation pairs of all portfolios that can be constructed from a given set

of assets.

* Efficient portfolio

A portfolio is efficient if the investor cannot find a better one in the sense that it has either a higher
expected return and the same (or lower) variance or a lower variance and the same (or higher) expected
return.

* Efficient frontier
The efficient frontier is the set of optimal portfolios that offer the highest expected return for a defined 59

level of risk or the lowest risk for a given level of expected return



Summary

In this portfolio, there are only 2 securities, A and B.

* w, &w, is the weight assigned to security A and B respectively
* Portfolio expected return, E=w, E, +w, E;
* Portfolio Variance,V, . =w,*V, +w, 2/ +2WAWB C,

* WhereC,, =0,,0, GB

- E,andE, the expected return from security A and B respectively. Then the return on the portfolio, R is the
Welghted average of the returns on the investments in the portfolio, where the weights correspond o
portfolio weights.

* V, &V, variance of security A and B respectively.

» C,,: covariance between security Aand B.

* 0, correlation coefficient between security Aand B.
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Thank You



