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Today’s Agenda

2

1.    Binomial Branch Model
1.1 Assumptions of the Binomial Model 
1.2 Study the One Period Binomial Model
1.3 Study the two period Binomial Model 
1.4 Study the Multiple Period Binomial Model 
1.4 Recombining and non recombining tree 

2.1 Binomial Representation Theorem

3 Expand the application of the binomial model to the continuous          
approaches 
3.1 The State Price Deflator Approach  



Introduction
• We start to develop simple models that can be used to value 

derivatives. In particular, we use binomial trees or lattices to find the 
value at time 0 of a derivative contract that provides a payoff at a future 
date based on the value of a non-dividend-paying share at that future 
date.

• The analysis throughout this applies the no-arbitrage principle in order 
to value derivative contracts.



Assumptions of the Binomial model
In the binomial model it is assumed that:

• there are no trading costs

• there are no taxes

• there are no minimum or maximum units of trading

• stock and bonds can only be bought and sold at discrete times 1, 2, ...

• the principle of no arbitrage applies

1.1



A stock and A bond
 



A stock and A bond
 



The One-Period Model
 

1.2



No Arbitrage 
 

Task!
If the above condition is not ensured, 

discuss how this will lead to 
arbitrage.



Determination of the derivative price
 



Determination of the derivative price
 



Determination of the derivative price
 



Question!
 



Solution
Tree looks like:

The risk neutral probabilities and thus option price are:



Replicating Portfolio
 



Real-World probability measure P
 



Risk-Neutral probability measure Q
  Task!

What will ideally be 
the relation between 

p and q?



Two-Period Binomial Model
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Determination of derivative price
 



 

Determination of derivative price



 

Determination of derivative price



 

Determination of derivative price



Question
Subject CT8 April 2008 Question 3

Consider a two-period Binomial model of a stock whose current price S0 = 100. Suppose that:

• over each of the next two periods, the stock price can either move up by 10% or move 
down by 10%

• the continuously compounded risk-free rate is r = 8% per period

1) Show that there is no arbitrage in the market.

2) Calculate the price of a one-year European call option with a strike price K = 100 . 



N-period Binomial tree
 

1.4



Recombining Binomial Tree
 

1.5 



Binomial Distribution
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Question
 



Solution



Solution



Solution



Pricing of American Options - Question
The market price of a security can be modelled by assuming that it will either increase by 12% 
or decrease by 15% each month, independently of the price movement in other months. No 
dividends are payable during the next two months. The continuously compounded monthly 
risk free rate of interest is 1%. The current market price of the security is 127.

(i) Use the binomial model to calculate the value of a two-month European put option on the 
security with a strike price of 125. 

(ii) Calculate the value of a two-month American put option on the same security with the 
same strike price. 

(iii) Calculate the value of a two-month American call option on the same security with the 
same strike price.   



Solution

The binomial tree of security prices looks like this, with the final put payoffs



The state price deflator approach
 

3.1



 

The state price deflator approach



Question
Find the no of shares and cash required to replicate the derivative payoff for a put option with 
strike price of 50 for the share price process. Risk free rate is 5%

40

50

35



Solution 
 

Payoff Share Price 

0 50
(So*u)

Upmove

15 35
(So*d)

Downmove



Example 2 (Homework)
Find the no of shares and cash required to replicate the derivative payoff for a call option with 
strike price of 100 for the share price process. Risk free rate is 5%

100

105

120

90

110

100

85



Question
The movement of a share price over the next two months is to be modelled using a 
two-period recombining binomial model. Over each month, it is assumed that the share price 
will either increase or decrease by 10%.

(i) Over each month, the risk-neutral probability of an up-step is q = 0.55 . Calculate the 
monthly risk-free force of interest r that has been used to arrive at this figure. 

(ii) The current share price is 1. The annualised expected force of return on the share is μ = 
30% . Calculate the state-price deflators in each of the three possible final states of the share 
price.



Question contd
(iii) Calculate the value of each of the following two-month derivatives:

(a) a derivative with payoff profile (1,0,0)

(b) a derivative with payoff profile (0,1,0)

(c) a derivative with payoff profile (0,0,1(

(d) a European call option with a strike price of K = 0.95

(e) a European put option with a strike price of K = 1.05

(f) a derivative whose payoff is 2x|S-0.98| , where S is the share price at the end of the two 
months. 

Note - A payoff profile of (x,y,z) means that the derivative returns x if the share price goes up 
twice, y if the share price goes up once and down once, and z if the share price goes down 
twice



Solution
.



Solution

We could alternatively have calculated the values in (a), (b) and (c) using



Solution


