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Stochastic Process
What is a continuous process? Three small-scale principles guide us. 

• Firstly, the value can change at any time and from moment to moment. 

• Secondly, the actual values taken can be expressed in arbitrarily fine fractions - any real 
number can be taken as a value. 

• And lastly the process changes continuously - the value cannot make instantaneous jumps

• A stochastic process is a sequence of values of some quantity where the future values 
cannot be predicted with certainty.  

• Ahead of here we are concerned with continuous-time stochastic processes that have 
applications in financial economics.



Introduction to Brownian motion
Near 1900, Bachelier adapted an approach that was fairly conventional at the time; he would 
model an asset price as a random walk. At the start of his thesis he argues that:

• At a given instant the market believes neither in a rise nor in a fall of the true price.

Which means that:

• The mathematical expectation of the speculator is zero.

His innovation was to consider the random walk to be continuous, rather than a discrete-time 
random walk. This is analogous to moving from the binomial to the normal distribution.



Let’s Look In
Bachelier who analysed the motion of the Paris stock exchange, people have gone further and 
compared the prices to one particular continuous process - the process followed by a randomly 
moving gas particle, or Brownian motion.

Locally the likeness can be striking - both display the same jaggedness, and the same similarity 
under scale changes - the jaggedness never smooths out as the magnification increases.

Thus, Brownian Motion is an effective component to build the model ahead.



Zooming in on Brownian Motion
We see that the graphs don’t become smooth irrespective of how much ever we zoom in.



Wiener process (standard Brownian motion)
 



Certain Dissimilarities 
• However successful the Brownian motion model may be for describing the 

movement of market indices in the short run, it is useless in the long run, if 
only for the reason that a standard Brownian motion is certain to become 
negative eventually. The stock prices cannot be negative.

• Brownian motion wanders. It has mean zero, whereas the stock of a 
company normally grows at some rate. Thus BM tends to 0 whereas the 
asset prices represent an increasing graph.

• The volatility of stock prices is quite high (in absolute terms), where as 
Brownian motion represents low volatility (in absolute terms).

Thus we parameterize the Brownian motion, to insert drift and high volatility 
into the picture.



Parameterization Of the Brownian Motion
 



Stock Price Modelling
 



SBM to GBM and GBM to SBM
 



Geometric Brownian motion
 



Properties of Geometric Brownian
 



Additional properties of Brownian motion
 



Covariance of a Wiener Process
 



 

Scaled Wiener process



Scaled Wiener process



Time-inverted Wiener process
 



Time-inverted Wiener process



Martingales
 



Supermartingale & Submartingale
 



Wiener processes are martingales
 



Try it yourself!
 



Solution



Homework!!
 



Stochastic Interest Rates
 



Weiner Process is not differentiable 
Earlier we saw that how much ever you zoom in to the BM process it does not become a 
well-behaved function. The jaggedness remains intact.

 

As a result the Brownian motion is differentiable no where.

How do we solve this problem then?



Solving the Problem
 



For the General BM
 



Integration
 



SDE to the Process
 



 

SDE to the Process



 

SDE to the Process



Process to SDE
 



 

Process to SDE



Question
 



 

Process to SDE – Type 1



Question
 



Solution
i)

ii)



 

Process to SDE – Type 2



Martingale
 



The mean-reverting process
 



 

The mean-reverting process



Square root mean-reverting process
 



Share Price Process
 



 

Share Price Process



 

Share Price Process



 

Share Price Process



 

Quick Recap 



 

Quick Recap 


