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Zero-coupon bonds
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The multitude of traded instruments leads to the first challenge in interest rate modelling: 
the multitude of definitions of interest rates. 
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• The basic debt instrument is the discount bond (or, equivalently, the zero-coupon bond). This is 
an asset that will pay one unit of currency at time T and is traded at time t < T. If the interest rate, 
R, is constant between t and T then we can say that the price of the discount bond purchased at t 
and maturing at T is given by P(t,T)  where: 

     𝑃 𝑡, 𝑇 =
1

1+𝑅 𝑡,𝑇
𝑇−𝑡

• The spot rate R(t ,T) is the effective rate of interest applicable over the period from time t to time 
T that is implied by the market prices at time t. 



Zero-coupon bonds
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Observe that P(T,T) = 1  and for all t <T , P(t , T) < P(T,T) = 1. We define 𝜏 = 𝑇 − 𝑡 in what 
follows. 
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• The discrete bond yield calculated from discount bond prices is: 

       R( t , t+𝜏 ) = 
1

𝑃 𝑡,𝑡+𝜏 1/𝜏 − 1

• If a ‘spot’ rate is paid m times a year, then:
1

𝑃(0,𝑛)
= 1 +

𝑅

𝑚

𝑛𝑚 

The limit as m → ∞ is a continuously compounded rate, r(t,T) (‘force of interest’), such 
that: 

 𝑒−𝑟 𝑡,𝑇 𝜏 = 𝑃 𝑡, 𝑇 =
1

1+𝑅 𝑡,𝑇
𝜏

The continuously compounded bond yields is calculated as

 𝑟 𝑡, 𝑇 = −
ln𝑃(𝑡,𝑇)

𝜏



Yield Curves
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➢ Fixing t=0 and plotting yield, R(0,t) or r(0,t) , against maturity’, T, gives the yield curve 
which gives information on the term structure, how interest rates for different maturities 
are related. Typically, the yield curve increases with maturity, reflecting uncertainty about 
far-future rates. However, if current rates are unusually high, the yield curve can be 
downward sloping, and is inverted. 

➢ There are various theories explaining the shape of the yield curve. The expectations 
theory argues that the long-term rate is determined purely by current and future 
expected short-term rates, so that the expected final value of investing in a sequence 
of short-term bonds equals the final value of wealth from investing in long-term bonds. 

2



Yield Curves
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➢ There are various theories explaining the shape of the yield curve. The expectations 
theory argues that the long-term rate is determined purely by current and future 
expected short-term rates, so that the expected final value of investing in a sequence 
of short-term bonds equals the final value of wealth from investing in long-term bonds. 

➢ The liquidity preference theory argues that lenders want to lend short term while 
borrowers wish to borrow long term, and so forward rates are higher than expected 
future zero rates (and yield curves are upward sloping). 
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Yield Curves
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Short Rates and Forward Rates

8

➢ Short Rates 
>The short or instantaneous rate, r(t), is the interest rate charged today for a very short
 period (i.e. overnight).  This is defined (equivalently) as: 
      𝑟 𝑡 = 𝑟 𝑡, 𝑡 + 𝛿 ~ 𝑅 𝑡, 𝑡 + 𝛿
        where 𝛿 is a small positive quantity. So the short rate r (t) is the force of interest that      
applies in the market at time t for an infinitesimally small period of time 𝛿. Using the 
relationship developed in the opening section we have

𝑟 𝑡 =
𝜕

𝜕𝛿
ln 𝑃(𝑡, 𝑡 + 𝛿)

The short rate is often the basis of some interest rate models; however, it will not 
generate, on its own, discount bond prices. 
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Short Rates and Forward Rates
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➢ Forward Rates 

The forward rate, F (0,t,T) if discretely compounded and f (0,t,T) if continuously 
compounded, relates to a loan starting at time t, for the fixed forward rate, the forward 
rate, repaid at maturity, T. It involves three times, the time at which the forward rate 
agreement is entered into (typically 0), the start time of the forward rate, t and the maturity 
of the forward rate agreement, T. 

The law of one-price/the no-arbitrage principle, implies:

𝐹 0, 𝑡, 𝑇 =
𝑃 0, 𝑡

𝑃 0, 𝑇

1
𝑇−𝑡

− 1
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Question
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What do you think term structure models are used for? 

Answers – 

The main uses of term structure (interest rate) models are: 

➢ by bond traders looking to identify and exploit price inconsistencies 
➢ for calculating the price of interest rate derivatives 
➢ by investors with a portfolio involving bonds or loans who want to set up a hedged 

position 
➢  for asset-liability modelling. 



Equlibrium Models
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➢ Equilibrium models start with a theory about the economy, such that interest rates 
revert to some long-run average, are positive or their volatility is constant or geometric. 
Based on the model for (typically) the short rate, the implications for the pricing of 
assets is worked out. Examples of equilibrium models are Rendleman and Bartter, 
Vasicek and Cox Ingersoll-Ross. 

➢ Being based on ‘economic fundamentals’, equilibrium models rarely reproduce 
observed term structures. This is unsatisfactory. 

➢ No-arbitrage models use the term structure as an input and are formulated to adhere 
to the no-arbitrage principle. An example of a no-arbitrage model is the Hull-White (one- 
and two factor). 
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Risk Neutral Approach to Pricing
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➢ The risk- neutral approach to pricing
      We will assume that the short rate is driven by an Ito diffusion:
      𝑑𝑟𝑡 = 𝜇 𝑡, 𝑟𝑡 𝑑𝑡 + 𝜎 𝑡, 𝑟𝑡 𝑑 ෩𝑊𝑡

      
       where 𝜇 𝑡, 𝑟𝑡  is the drift parameter 
                   𝜎 𝑡, 𝑟𝑡  is the voltality parameter 
                    Wt is a Wiener process under the martingale measure. 

1.1



The Vasicek Model 
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➢ Vasicek assumes that : 
      𝑑𝑟𝑡 = 𝛼 𝜇 − 𝑟𝑡 𝑑𝑡 + 𝜎𝑑𝑊𝑡

~

      for constants 𝛼 > 0 , 𝜇 and, 𝛼.

     Here 𝜇 represents the ‘mean’ level of the short rate. If the short rate grows (driven by 
the stochastic term) the drift becomes negative, pulling the rate back to 𝜇 . The speed of 
the ‘reversion’ is determined by 𝛼. If 𝛼 is high, the reversion will be very quick. 

Instantaneous Forward Rates 

𝑓 𝑡, 𝑇 = 𝑟 𝑡 𝑒−𝛼𝜏 + 𝜇 −
𝜎2

2𝛼2
1 − 𝑒−𝛼𝜏 +

𝜎2

2𝛼2
1 − 𝑒−𝛼𝜏 𝑒−𝛼𝜏 

4.1



The Vasicek Model 
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➢ Vasicek assumes that : 
      𝑑𝑟𝑡 = 𝛼 𝜇 − 𝑟𝑡 𝑑𝑡 + 𝜎𝑑𝑊𝑡

~

      for constants 𝛼 > 0 , 𝜇 and, 𝛼.

     Here 𝜇 represents the ‘mean’ level of the short rate. If the short rate grows (driven by 
the stochastic term) the drift becomes negative, pulling the rate back to 𝜇 . The speed of 
the ‘reversion’ is determined by 𝛼. If 𝛼 is high, the reversion will be very quick. 

Instantaneous Forward Rates 
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4.1



The Vasicek Model 
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4.1



The Cox Ingersoll Ross Model

17

➢ In Vasicek’s model (and Hull-White, below) interest rates are not strictly positive. This 
assumption is not ideal for a short-rate model. CIR use the Feller, or square root mean 
reverting process which is positive (it can instantaneously touch 0 but immediately 
rebounds):

       𝑑𝑟𝑡 = 𝛼 𝜇 − 𝑟𝑡 𝑑𝑡 + 𝜎√𝑟𝑡𝑑𝑊𝑡

        The associated PDE is 
𝜕𝑔(𝑡,𝑟𝑡)

𝜕𝑡
+

𝜕𝑔(𝑡,𝑟𝑡)

𝜕𝑟𝑡
∗ 𝛼 𝜇 − 𝑟𝑡 +

1

2
∗

𝜕2𝑔 𝑡,𝑟𝑡

𝜕𝑟𝑡
2 ∗ 𝜎2𝑟𝑡 − 𝑟𝑡𝑔 𝑡, 𝑟𝑡 = 0

4.2



The Cox Ingersoll Ross Model
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4.2



The Hull White model
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➢ The Hull-White model is an extension of Vasicek where the mean-reversion level, 𝜇, is a 
deterministic function of time:

     𝑑𝑟𝑡 = 𝛼 𝜇 𝑡 − 𝑟𝑡 𝑑𝑡 + 𝜎𝑑𝑊𝑡

     
      for 𝛼 > 0 and 𝜎

      This yield a PDE similar to vasicek, 
 𝜕𝑔(𝑡,𝑟𝑡)

𝜕𝑡
+

𝜕𝑔 𝑡,𝑟𝑡

𝜕𝑟𝑡
𝛼 𝜇 𝑡 − 𝑟𝑡 +

1

2
∗

𝜕2𝑔 𝑡,𝑟𝑡

𝜕𝑟𝑡
2 𝜎2 − 𝑟𝑡𝑔 𝑡, 𝑟𝑡 = 0 

4.3



Question
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Solution
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Quick Recap
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▪ The multitude of traded instruments leads to the first challenge in interest rate modelling: the multitude of definitions 
of interest rates. 

▪ Fixing t=0 and plotting yield, R(0,t) or r(0,t) , against maturity’, T, gives the yield curve which gives information on the 
term structure, how interest rates for different maturities are related. Typically, the yield curve increases with maturity, 
reflecting uncertainty about far-future rates. However, if current rates are unusually high, the yield curve can be 
downward sloping, and is inverted. 

• The short or instantaneous rate, r(t), is the interest rate charged today for a very short period (i.e. overnight).  This is 
defined (equivalently) as: 

      𝑟 𝑡 = 𝑟 𝑡, 𝑡 + 𝛿 ~ 𝑅 𝑡, 𝑡 + 𝛿
• The forward rate, F (0,t,T) if discretely compounded and f (0,t,T) if continuously compounded, relates to a loan starting 

at time t, for the fixed forward rate, the forward rate, repaid at maturity, T. It involves three times, the time at which the 
forward rate agreement is entered into (typically 0), the start time of the forward rate, t and the maturity of the forward 
rate agreement, T. 

• Equilibrium models start with a theory about the economy, such that interest rates revert to some long-run average, 
are positive or their volatility is constant or geometric. Based on the model for (typically) the short rate, the 
implications for the pricing of assets is worked out. Examples of equilibrium models are Rendleman and Bartter, 
Vasicek and Cox Ingersoll-Ross. 



Quick Recap
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