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Answer 1 -
i) Given: Derivative price = 0.1448,

payoff =1 at time 2 if S2 < 50

_ 0?61,51 = 'U.St_l
‘{1.522,5, =dS,_,

Calculating value of p:
derivative pays after 2 downward moves
0.1448 = A172 *(1-p)*2
0.1448/ (1.52212) = (1-p)»2
P =0.749983

iii) Calculating value of q:
Al =0.716 for an upward move
Al = exp(-r) * (a/p)
0.716 = exp (-0.05) * g/ 0.749983
q =0.56452

i) Derivative price at time 0, if payoff = 1 for 52>50, using g

If candidates are assuming ud =1, which is generally accepted assumption,

price = 0.6"2 * e*(-0.05x2) *1

price = 0.3257 [3]
Or

If the candidates assume specifically for recombining binomial tree and use the condition ud =

du. This gives payoffs for upper and middle nodes.

price =0.6"2 * exp(-0.05%2) + 2 x 0.6 x D.4exp( -0.05x2)

price = 0.7601 [3]
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Answer 2 -

i) LetZ~ N(O,1). Then, since W(t) ~ N(0,t) we get [0.5]
E[IW(t)1) =E [ [VE2(1)|] (1]
= VEE[|Z()]] [1]
2
=+t-2 fow T.-‘Ez: zdz (from standard normal integration, since the absolute is used,
integration is from 0 to infinity multiplied by 2 times) [2]
= - e W = =
_,,ffzjo T dw ( by w =22/2, dw =z dz)
[2]
V2w
= *leT"]=&0 (1]
e [05]

NI

i) ABC Ltd's price is higher than XYZ Ltd ’s price at the end of the day would be equivalent to:
X(t) =0
If X(t) is an Arithmetic Brownian motion process
Then
E[X1]=x+uT
Where,
x =X(3/4) =40.25 - 39.75 =0.50
p=0 |
T=(1-%) |
Var [X7] = o’T =0.3695/4 = 0.092375 [

P(X(1)=0) =P {[xX(1) - E[X] )/ Var [X] =(0-0.5)/ +0.092375 }

=1-P(Z=-1.6451)=0.95

Answer 3-
i) @) Risk neutral probability measure —

Q is the risk-neutral probability measure, which gives the risk-neutral probability q to an upward move in
prices and 1-g to a downward move.

The risk-neutral probabilities ensure that the underlying security yields an expected return equal to the risk-
free rate

Under the probability measure Q, investors are neutral with regard to risk, they require no additional return
for taking on more risk.

b) Recombining binary tree A recombining binomial tree (or binomial lattice) is one in which values of u
and d, and consequently the risk-neutral probabilities, are the same in all states.
With such models:

e the volume of computation required is greatly reduced

e Nt, the number of up-steps up to time t, has a binomial distribution with parameters t and q
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(.'u.'m = ( ”350 -K " .
med = ‘ “:ds() -K r :
Coaq =|ud"Sy-K) :
(ﬁd'.‘H = ((i350 — K '- s
and in the lowest state,

. 1 - .
-f.';[::’;f]:ml_qr{_",,ﬂ-d +(1-9)Cya |-

where the risk-neutral probability of an upward move :

(1+r)-d

a
J -

At time 1, we get In the upper state,
. 1 .
Ciny=—| gCy(un )+ 1=g)Co (nd ) .
L) =17 [ 6C ) +(1-q) G, (ud) |
and in the lower state,
1 . .
Gld)= ]—Lq('z (nid ) +(1—q ) Cy(dd ) |.
4 il‘ -

At time 0,

[ :qu("li.'n+[l—r}']f|lfﬂ]-
I+r*
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Answer 4
i)

0.7610=e "g/p if 51 = S0u
15220 =e"(1-q)/(1-p) ifS1=50d

Solving the 2 equations with 2 unknown gives
e'* 7610 * p=(1-1.5220(1-p) * &'
= 1- 1.5220%e"+1.5220 *p* e’
1.5220*%e'-1=p*e"*(1.5220 - .7610)

This gives p =0.7748 and g = 0.63236.

(e"=d)/(u-d)=g
Using the definition for a recombining model ; uxd=1
Rearranging the terms gives;
(e"-d)/(1/d-d)=q
(e"—d)d/(1-d)=q
(e"d-d?)=q - d**q
d*2x(1-g)-dxe" +qg=0
Solving the quadratic equation; Roots are:
=-b+/- sgrt( b2 —4dac) [4a
= e'+/-sgrt| e”- 4% (1-q)*q) /4 * (1-g)
Substituting values of r and g gives
=(1.072508 + 0.469412)/ 0.74 or (1.072508 -0.469412)/ 0.74
d =2.0970 or 0.8202
since ‘d" has to be less than 1
d=0.8202

u=12192

iii) In this case price = 0.63" 2 x exp (-0.07=2) + 2 x 0.63 x 0.37 xexp (-0.07=2)
=0.3476 + 0.4042

=0.7519
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Answer 5

i) The recombining binomial tree is assumed to have the size of up-steps and down-steps to be same under
all states and across all time intervals. It means u:(j)=u and d:(t)=d for all times t and states j, also d< e'<u
Hence the risk neutral probability 'q" is also constant for all times and in all states.

The main advantage of recombining binomial tree is that it greatly reduces the computational time by

reducing the number of states.

(1) ™~

The risk-neutral probability for each state

g1-(e"-0.95)/(1.10-0.95) =0.4680 (time 1}
q2-(e"3-0.90)/(1.20-0.90) = 0.4349 (time 2)
Passible Payoffs after six months are

Pus = Max(500-726,0) =0

pud = Max(500-544.5,0) = 0

Pau = Max(500-628,0) =0

pad = Max(500-470.25) = 29.75

The value of the option at first 3 months if upside
V1(1) = e003(0.4348 * 0 + 0.5652 * 0)
=0

For downside

V1(2) = 03 (0.4348 * 0 + 0.5652 * 29.75)
=16.3178
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At time 0 the value of the put option will be

Vo-e0%(0.4680 * 0+ 0.5320 * 16.3178)
= 8.5092

(1)
[Max 6]

b) For the first 3 months, the payoff if upside
Max(500-3/6%605,0) = 197.5
And if downside
Max( 500 - 3/6%522.5,0) = 238.75
(1)
The value of the option at first 3 months [since the final payoffs are same as ii)a )]
Vi(1) =0 and V4(2) = 16.3178

It is optimal to exercise the American put option early in this case as the payoffs are high compared to
the value of put option at first 3 months (1)

Hence, the value of the put option assuming at is exercised at the first 3 months
Vp = e%2(0.4680 * (197.5-0) +0.5320 * (238.75-16.3178))
= 206.5905 (2)

At expiry the American put option value is same as the European put option derived in ii) a) which is =
8.5092

Hence, the total value of American put is 206.5905+8.5092 = 215.0997

Answer 6
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Let dXr = At dr + Bt dZu,

Where, At=a p(T-1) ,Bt=a /(T —1t) Egql

af ar af 1 dzf .
dF—EBtdZ: + (E + EAE+ 3 EBI)Q’E {{io’s lemmay)

- -_}"B:de+fZL:‘|[T-r]dr - f Avdi 3 f Be? di

inc - _ ptm(T-t)-x) a _dm e (m(T—t)-x)
[Since . e . and s o (T th* e

5 4 Z
(using chain rule) and é = gmT=t=x)

aF =f(2(T-n- A+l B )di-fBrdzi
- dm 1 -
For fto be a martingale, E(T—:‘)— Ai+; Bi- =0

Thus, Z2(T—t) = At - - Bi?
i 2

Substituting Eq 1 above gives Z—T =ap —% o

Answer7

i) Given
F(t,x) = e’

Yt = f{t,}(t}
Applying Ito's lemma
_4r ar WAL S R
d\"t-d; dt + - d¥; +,fidxz o° ¥ dt
= -fdt + 2e™ X, dX,, e "ta? X dt
Yt +2e" X2 2 +eto? X2 dt

Yedt +2Y, [0.25 dt + o dW,] +o? ¥, dt

d¥t
—_— = * . —_ a + La T
= = [2+(025) — 1402 Jdt +20dW

=[o? — 0.5] dt + 20 dWt
Therefore
dYt = [o? — 0.5] Ytdt + 2o Yt dWt

ii) The process is martingale if drift is zero. This means 62 — 0.5 =0
ie.og? =05
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Answer 8

The required probability is the probability of the stock price being greater than Rs. 258 in 6 months’
time.

The stock price follows Geometric Brownian motion
i.e. St = SO exp(u —o”2 /2)t + oWt

Therefore Ln (St) follows normal distribution with mean Ln (S0) + (u — 0”2 /2)t and variance (o/2)t

Implies Ln (St) follows @(Ln 254 + (0.16-0.3572/2)*0.5, 0.35*0.5/(1/2))
= ¢ (5.59, 0.247)

This means [Ln (St) — St)]/ ot~ (1/2) follows standard normal distribution.
Hence the probability that stock price will be higher than the strike price of Rs. 258 in 6 months’
time =

1- N(5.55-5.59)/0.247 = 1- N(-0.1364) =0.5542.

The put option is exercised if the stock price is less than Rs. 258 in 6 months’ time.
The probability of this = 1- 0.5542= 0.4457
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Answer 9

i) The given relationship can be written as:
Si=5ye ut + oBt

Since St is a function of standard Brownian motion, Bt, applying Ito’s Lemma, the SDE for the
underlying stochastic process becomes:
dBt = 0 Xdt + 1 X dBt

Let G(t, Bt) = St = So e ¥ * 75t then

dG/dt = pSpe o8 = 5

dG/dBi=g SgeHt* Bt =g5;

d’G/dB% = g? Spe Bt = g2 5

Hence, using Ita’s Lemma from Page 46 in the Tables we have:
dG=[0X0oS:+%X12 X0 S+ 1 S] dt +1X o5 dBt

i.e. dSe = (p+ % 0%) Sedt + o SdBe

Thus,
dSe/St = a dBe + (U + ¥2 oF) dt

So,ci=cgandcz=p+ ¥o?
ii)

The expected value of 5t is:

E[Si] = E [Sp e ¥ * 98] = §; ekt E[e 5]

since B, ™~ N (0,1), its MGF is E[e®®] = @ %82
So, E[Si] =Sﬂeptxel‘.a2t=sﬂeptﬂ&a2t

The variance of St is:

Var[St] = E[S%] — (E[St])?
= EISED e 2ut + ZEBt] _ {51] e ut + !&nﬂt}l
= 520 e 2pt E[E 2&31] - SID e 2t + o2t

- Szn e 2ut + 202t _ 520 e 2pt « o2t

= SED e 2ut (E 202t _ ealt)
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iii)
Cov[5t1, 52] = E[St1, Stz] - E[St1] E[5¢2]
From above,
E[Sﬂ] =Sg E|.Lt1 « M o2tl and E[Sitl] =5 Eptz + M o2t2

The expected value of the product is:
E[St1, 5tz] = E[Spexp(pt; + 0 By) Spexp (it + o By)]

= §% e M1 12} E[exp(oBu + 0Bw))

To evaluate this we need to split Biz into two independent components:
Btz = B + (Biz - Bua) where Biz - Bi ~ N(0, t2 — t1)

Hence,

E[5t1, Seal

= 5% e M1+ 2] E[exp(oBi + 0 { Bu + (Biz2 - Bu1)})]
= 5% e W+ 2 Elexp(20By + 0 { Bez - Bul)]

= 5% e M1+ 121 Elexp(20B1)] E[exp { Biz - Bu})]
=53 e ML 2 exn(2a%t;) exp [ 2 02 (t; — ty)]

= 52 @ HtL+12) @y p( gl:r:’t1 + %crztz}
Putting all the equations together:

3 1 |
Cov[Su, Su]  =S% e exp(=0aty +071,) - So @Mt o2, 5 @it FH0R2

= 5§ g i1+t [exp{%nztl ) —exp( %nztl}}l exp( % o’t2)

Answer 10
i) Setting up the commodity tree using u for up move and d for down move, p is up-step
probability:
Spu
p
Sy
1-p
Sod

Where p is the up probability and (1-p) the down probability
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Then E(C)= So[pu+(1-p)d], and

Var(C:)= E(C:?)- E(C,)?
= So” [pu’+(1-p)d’]- So’[pu+(1-p)d]?

= So’ [pu’+(1-p)d*-(pu+(1-p)d) %]

= So? [p(1-p)u®+ p(1-p)d*-2p(1-p)] (d=1/u)

= So? p(1-p)(u-d)?

Equating moments:

See™ = Solpu+{1-p)d] (A)

And o? Sp’t= Sp? p(1-p)(u-d)? (B)
From (A) we get

p=t=t (©

Substituting p into equation (B), we get

L1 -y (u-a)?

u—d U=

alt=

=-(e™-d)(e™ -u) = (u+d) e™ -(1+ e?™)

Putting d = 1/u, and multiplying through by u we get

ue™-u(1+ et 1 olt)+ e =0

This is a quadratic in u which can be solved in the usual way.

ii)

a) o=0.15, t= 0.25 => u= exp(.15%v. 25)= exp(.075) = 1.077884, d = 1/u=.92774

The tree is
=0 t=.25 =5
92.947
86.231
80 80.001
74.22
68.857
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et —d (1—-.927744)

b) r=0, we havep = = 48126

u—d  (LO77884—927744)

Discounting back the final payoff at t=.75 to t=0 along the tree using p and (1-p), we get

t=0 t=.25 t=5 t=.75
20.186

12.948
7.787 6.232

4.496 2.999
1.443 0

0
0

Hence value of the call option is 4.496.

¢) The lookback call pays the difference between the minimum value and the final value.

Notate paths by U for up and D for down, in order

We get the payoffs

uuu (100,186 - B0)= 20,186 Node A
DU (86.232-80)= 6.232 Node B
UL (86.232- 80) =6.232 Node B
DD (74.22-74.22) =0 Node C
DUy (86.232-74.22)=12.012 Node B
DUD (74.22-7422) =10 Node C
DD (74.22-68.857) =5.363 Node C
DDD (63 882-63 882)=0 Node D

The lookback payoffs are, for each successful path (i.e. with a non- zero result)

Probabilities of arriving at each node are:
Node A= p*=.11147
Node B= p?(1-p) = .12015
Node C= p(1-p)?=.12950
Node D= p(1-p)®=.13959

Hence the tree value of lookback option is:
(.11147%20.186)+ (.12015%[6.232+ 6.232+ 12.012]) + (.12950*5.363)

=5.8854

FINANCIAL ENGINEERING 1
ASSIGNMENT 1 SOLUTIONS

Node A

Node B

Node C

Node D



Answer 11
Given Z(t) is standard Brownian
a. du(t)=2dz{t)-0
= 0dt + 2dz(t).

Thus, the stochastic process {U(t)} has zero drift.

b. dv(t) = d[Z(t])]" - dt.
dlz(t" = 2z(t)dz(t) + 2/ 2 [dz(t)]
= 2Z(t)dZ(t) + dt by the multiplication rule

Thus, dV(t) = 2Z(t)dZ(t). The stochastic process {V(t)} has zero drift.

c. dw(t) =d[t’z(t)] - 2t Z(t)dt
Because a:i[t2 Z(t)] = t? dZ(t) + 2tZ(t)dt, we have
dwi(t) = t* dz(t).

Thus The process {W(t)} has zero drift

Answer 12

i. Letf=f(5,t)=5"

af_ k=1 azf_ k=2 =
g =k oG =k(k—1)s*, =0

Using Ito calculus, df = kS*dS, + % k(k-1)S*%(ds,)?
= [k + Yek(k-1)0%]dt + f[ka]dW,

Hence f = 5" follows Geometric Brownian motion, with drift p’ = kp + %k (k-1) o?
and volatility o’ = ka.
Hence f; = fae("" o' Jrrarwe

This meansf ~lognormal ((p' — %0t 0't)
The mean and variance of a log normal distribution with parameters W and o
Is given by e**1/2%" and (e — 1)e#*7"

This means E(f) = foe®® and V(f) = f.2e ™' (e — 1)
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ii. Letf=f{ts)=e"s,

of - f _ . &f
E=-J"é‘ “Sts —-=e ", —=10
By Ito calculus, df = —re™™S5.dt + e~ "dS,

= (u =r)fdt + afdW, (on substituting the expression for ds;)

which is a martingale if and only if t =7

ili. Combining results from part (a) and (b), we need, for discounted s“tobe a martingale,
kp + %k(k-1)o* =r
For given values of r, o and k, one can solve for the value of p for which discounted g
will be a martingale.
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