
1

Class: TY BSc

Subject : Financial Engineering 2 

Chapter: Unit 3 Chapter 1 (part 2)

Chapter Name: Models for Term Structure of Interest Rates



Risk-neutral approach to pricing
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Risk-neutral approach to pricing
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• Risk neutral measures give investors a mathematical interpretation of the overall market’s risk averseness 

to a particular asset, which must be taken into account in order to estimate the correct price for that asset.

• A risk neutral measure is also known as an equilibrium measure or equivalent martingale measure.



Vasicek Model (1977)
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Vasicek Model
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The graph below show a simulation of this process based on the parameter values α = 0.1 ,
μ = 0.06 and σ = 0.02 .



The Cox-Ingersoll-Ross (CIR) model (1985)
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The Cox-Ingersoll-Ross (CIR) model (1985)
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The graph below shows a simulation of this process based on the parameter values α = 0.1 ,
μ = 0.06 and σ = 0.1



The Hull-White model (1990)
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Comparison of Short rate Models
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Vasicek

+ Simplest model

+ Derivative pricing formulae are 
based on a normal distribution

- Allows r(t) to take negative values.

- Results don’t match with current 
yield curve exactly.

CIR

+ Prevents r(t) from taking negative 
values.

- Derivative pricing formulae are 
based on non-central chi-square 
distribution.

- In preventing negative values, it 
tends to impose lower limit on r(t).

- Results don’t match with current 
yield curve exactly.

Hull-White

+ Matches observed yield curve, so 
better for pricing derivatives

- Allows r(t) to take negative 
values.

- More complicated because it is 
time – inhomogeneous.  



Limitations of One-factor Models
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• First, if we look at historical interest rate data we can see that changes in the prices of bonds with different 

terms to maturity are not perfectly correlated as one would expect to see if a one-factor model was correct. 
Recent research has suggested that around three factors, rather than one, are required to capture most of the 
randomness in bonds of different durations.

• Second, if we look at the long run of historical data we find that there have been sustained periods of both high 
and low interest rates with periods of both high and low volatility.

• Again, these are features which are difficult to capture without introducing more random factors into a model.

• This issue is especially important for two types of problem in insurance: the pricing and hedging of long-dated 
insurance contracts with interest rate guarantees; and asset-liability modelling and long-term risk 
management.

• One-factor models do, nevertheless have their place as tools for the valuation of simple liabilities with no 
option characteristics; or short-term, straightforward derivatives contracts.

• For other problems it is appropriate to make use of models which have more than one source of randomness: 
so-called multi-factor models. 



Summary
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The following table summarises the characteristics of the Vasicek, Cox-Ingersoll-Ross (CIR) and
Hull-White models.

Vasicek
Cox-Ingersoll-Ross 

(CIR)
Hull-White

Arbitrage-free Yes Yes Yes

Positive interest rates No Yes No 

Mean-reverting interest rates Yes Yes Yes

Easy to price bonds and derivatives Yes Yes Yes

Realistic dynamics No No No

Adequate fit to historical data No No Yes

Easy to calibrate to current data No No Yes

Can price a wide range of derivatives No No No


