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1. Annuities
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2. Present values of annuities

1. Perpetuities
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1. Continuous Annuities

1. Accumulated values of annuities
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1.1

What is an
Annuity?

An annuity may be defined as a series of payments made at lequal intervals of ti } Annuities are common
E——
in our economic life.

House rents, mortgage payments, instalment payments
on automobiles, and interest payments on money
invested are all examples of annuities. L= —
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Types of
Annuities +Time of payment

eDue

* Annuity

1.2

e Commencing Time
eImmediate

‘L Deferred ]

I

e Payment
e Fixed

*Variable
e Increasing

* Decreasing
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1.2

Types of
Annuities

1.

Consider an annuity such that payments are certain to be made for a fixed period of time. An
annuity with these properties is called an annuity-certain. The fixed period of time for which payments
are made is called the term of the annuity.. —

An annuity under which the payments are not certain to be made is called a contingent annuity. A
common type of contingent annuity is one in which payments are made only if a person is alive. Such
annuity is called life annuity.

If payments are made at the end of each time period, they are paid in arrear. Such an annuity is called an
annuity-immediate.

If they are made at the beginning of each time period, they are paid in advance. An annuity paid in
advance is also known as an  annuity-due.

—

If each payment is for the same amount, this is a level annuity. If payments increase (decrease) each time
by the same amount, this is a simple increasing (decreasing) annuity.

—
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Present values of
Annuities

1] Annuity Immediate

Consider an annuity under which payments of 1 are made at the end of each period for n periods, where nis a
positive integer.

The valuation is illustrated on the following timeline:

Time @) 1 2 n
: : ‘

Payment ‘

Value
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Present values of
Annuities

How do we derive the Present Value?

We can derive an expression for as an equation of value at the beginning of the first period.

The present value of a payment of 1 made at the end of the first period is v. The present value of a payment
of 1 made at the end of the second period is v2 This process is continued until the present value of a
payment of 1 made at the end of the nth period is v™.

The total present value a;; must equal the sum of the present values of each payment, i.e.

_ 2
A= V+Vi+ L+ 0T

This is a geometric progression.
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Present values of
Annuities

Derivation

A key algebraic relationship used in valuing a series of payments is the geometric series summation formula:

1_x?’1+1 x?’l+1_1
1+X+x%+ .. +x"= =
1—x x—1

Using the above relationship:

— = 2 n
A= VEVEH L+ v
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Present values of
Annuities

Conditions to be met

The symbol a;; can be used to express the present value of an annuity provided the following conditions are
met;

1. There are n payments of equal amount.

2. The payments are at equal intervals of time, with the same frequency as the frequency of interest
compounding.

3. The valuation point is one payment period before the first payment is made.
@ +/
A !
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Question

Find the present value of annuity which pays Rs. 2000 at the\end of every yeaafo 8 years if the rate of
interest is 5% p.a. effective. -

PU = CQ‘DOO a—g"‘ o T JEA U {
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Solution
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= S0vo % ( P - V ) v {05
i

= \242¢ ./43/
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Question

Find the present value of annuity which pays[$500 4t the end of every half year for 20 years if the rate
of interest is 9% convertible semiannually. ¢ =

e

e
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Question 5.3

BQavesh has bought a new car and requires a loan of|12000 tq pay for it. The car dealer offers two
alternatives to repay:

e

Ae-month afte\rpu’rcfsj: with annuill_ntf__’g;rate of \12%
a (v :
dy oy Ml

2. Monthly payments for 4 years, starting one month after purchase, with annual interest rate of 15%

compounded monthly. 30,9 44 . "
¢ — § ) ) \ / i l jn

Calculate: X -
w4

1. Monthly payments for 3-years-startingjo
compounded monthly. '3 de §"‘1 \ !

| -

(-

1. Bhavesh's monthly payment.

2. Total amount paid over the course of repayment period under each of the two optlons

noq - 22% SN hlacm - '3-""aaﬂ

R

=6
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Present values of

Annuities
2] Annuity Due

Consider an annuity under which payments of 1 are made at the start of each period for n periods, where n is a

positive integer.
The valuation is illustrated on the following timeline:

Time @) 1 2 n-1 N
: : ‘

1

Payment

Value
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Present values of
Annuities

Derivation

We can derive an expression for dz; analogous to annuity immediate as:
pp=1+v+ v +

Again summing the geometric progression

n

-----

-----
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Question

Find the present value of annuity which pays Rs.500 at the|start of every year’!or 5 years if the rate of

—

—
— = -

——

interest is 10% pa effective. -
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Question 5.5 @

Find the present value of annuity which pays @ -at the amd of every quarter for 10 years
if the rate of interest is 8% convertible quarterly: "
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Question 5.4 O =)
S\"ﬂ\?‘t—
Find the present value of annuity which pays Rs.500 at the emslof every year for 5 years if
the rate of interest is 10% pa effective. - -
. sof O S oot
- ? L4+
0 N n gOO ) 6 q
@ n (1+1) v S a; (Ia)m (Da);l n 3 ! 9
i 0.100 000 1 1.10000 0.909 09 1.0000 09091 09091 09091 1
12) 0.097 61 2 1.210 00 0.826 45 21000 17355 25620 26446 2 _ .
'M 7618 3 1.331 00 0.751 31 33100 2489 48159 51315 3 &Ogb Y
i 0.096 455 4 1.464 10 0.683 01 4.6410 - 75480 83013 4
;012) 0.095 690 5 1.61051 0.62092 6.1051+3.7908 ) 106526 120921 5 -
6 1.771 56 0.564 47 77156 43553 140394 164474 6 0 L
5 0.095310 [ 7 1.948 72 0.513 16 94872 48684 176315 213158 7 ‘;OO QO i
8 2.14359 0.466 51 114359 53349 213636 266507 8 S
A+0)2 1.048 809 9 235795 042410 13.5795 57590 25.1805 324098 9
' 10 259374 0.38554 159374 6.1446 290359 385543 10 _
A+ 1.024 114 €00 Oy
. 11 285312 0.35049 185312 64951 328913 450494 11 )
(I1+:)"° 1.007974 | 12 3.13843 0.31863 213843 68137 367149 518631 12 4
13 345227 0.289 66 245227 7.1034 404805 589664 13
4 0909091 | 14 3.797 50 0.263 33 279750 73667 441672 663331 14
; 15 417725 023939 31.7725 7.6061 477581 739392 15
/2 0.953 463
VA 0.976 454 | 16 459497 021763 359497 7.8237 512401 817629 16
' 17 5.05447 0.197 84 405447 80216 546035 897845 17
112 N 0an NQO 10 c 00N N 170 O ACc 00 O AN1 A 10410 O Q0O 10






2 Relationship between Ay and )

It is simply possible to relate annuity-immediate and annuity-due. One type of relationship is:
g =ay (1+1)

Since the payment under daz; is made one period earlier than each payment under ag;, the total present value
must be larger by one period'’s interest.

There is another relationship which states that:
";l =1+ [y

The n payments under d;; can be split into the first payment and the remaining n-1 payments. The present
value of first payment is 1 and present value of remaing n-1 payments is a;—7j . The sum must give dz;.
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Annuity values on any date

So far we considered evaluating present values of annuities at the beginning of the term ( either one period
before, or at the date of the first payment ). However, it is often necessary to evaluate annuities at other dates.

Example

Consider an annuity under which seven payments of 1 are made at the end of the 3rd through the 9th periods
inclusive. Below is a is a time diagram for this annuity:

The values at the end of the 2"? and 3 periods are given directly, either by annuities-immediate or by
annuities-due, as labeled on the time diagram.
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Annuity values on any date

Present Value Calculation

In this case, the present value of the annuity at the beginning of the 1st period is seen to be the present value
at the end of the 2nd period discounted for two periods, i.e

1 a-ﬂ

It is possible to develop an alternate expression for th'-i?present value strictly in terms of annuity values.
Temporarily assume that imaginary payments of 1 are made at the end of the 1st and 2nd periods. Then the
present value of all nine payments attime t = 0 is ag. However, we must remove the present value of the
imaginary payments, which is a3,

Thus, an alternate expression for the present value is

a§| - a2—|
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Annuity values on any date

Deferred Annuity

This type of annuity is often called a deferred annuity, since payments commence only after a deferred period.
A symbol given to an annuity-immediate deferred for m periods with a term of n periods after the deferral

period is : M|a51

Thus, the annuity being illustrated could be labeled 2 %

It is also possible to work with a deferred annuity-due. The reader should verify that the answer to this case,

expressed as annuity-due, is:
3.- __ = _ e
Vi = G Ay

A symbol for this annuity would be |a'ﬂ

45
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Question

On her 18th b'day, Latika receives an annuity that is to pay Rs. 5,000 on her 25th through 39t b’ days.
Calculate the value of the annuity on her 18th b'day using an annual effective interest rate of 5% p.a.

+ ' +
Y YN MY\ S & ek S s 50
\_C\fg_;-\, U - P
i L5y
a -
g ) 2y ay oae 2 ALl 26 ) 27 3% 20
- -
— |5 aa(mn o -
(1)
Ui a (Ia)m (Da);l n 5% F 1 0 /.)
10000 09524 09524 09524 1 [ 0.050 000 15
20500 18594 27664 28118 2 | ;@ i (546360 | Go a_’
31525 27232 53580 55350 3 | ' ’ T = —
—33101 35460 86488 90810 4 |1 0.049 089 | -
55256 43295 125664 134105 5 | ;02 0.048 889 6
68019 50757 170437 184862 6 .
8.1420 57864 220185 242725 7 | & 0.048 790 5 000 o ] \)
95491 64632 274332 307357 8 L7
110266 7.1078 332347 378436 9 12
125779 77217 393738 455653 10 |+ 1024695 . 9P =
1+ 1012272 0 .y]q"r ~ O Y
14206 8 458053 538717 11 o (OO JO .
159171 Q38 524873 627350 12 | (1+0)"° 1.004074 2 (67'&‘] éq %']
177130 93936 593815  72.1285 13
19.5986 98986 664524 820272 14 | 57950 351 e
215786 103797 73.6677 924068 15 ; i
L2 n 07z ann
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Perpetuitie
S

A perpetuity is an annuity whose payments continue forever, i.e. the term of the annuity is not finite.
Although it seems unrealistic to have an annuity with" payments continuing forever, examples do exist in
practice. The dividends on preferred stock with no redemption provision and the British consols, which are
nonredeemable obligations of the British government, are examples of perpetuities.

Annuity-Immediate

The present value of a perpetuity-immediate is denoted by ag;, which can be evaluated as the sum of an
infinite geometric progression, giving

- 2 3
o] SV HVE AU+
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Perpetuitie
S

Annuity-Due

The present value of a perpetuity-immediate is denoted by dg;, which can be evaluated as the sum of an
infinite geometric progression, giving

2 3

gl=1+v+v + v° + ..

1
1-v

1
d
_—
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Question

@ nd” 10
A leaves an estate off $100000. nterest is paldﬁ benefi |C|aor first 10 years, to C for new#years
and to D thereafter. “—""—

‘ O
Find the present value of interest received by B, C and D if it is assumed that the estate will earn 9 /'?‘ IOO, 00
annual effectlve interest rate.
L -7 009

=h F 00, 050

l—‘?/ » 109 o0d
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3.1

Differing Interest and Payment
periods

We saw annuities where the quoted compounding interest period is the same as the annuity payment
period. It may often be the case that the quoted compounding interest period may not coincide with the

annuity payment period.

For the purpose of numerical evaluation of annuity, we focus on the annuity payment period and
determine and use the interest rate per payment period that is equivalent to the quoted rate of interest

61
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P-thly Payable
Annuities

P-thly payable Annuity-Immediate

It is denoted as o’

n| -
« The effective annual interest rate is i.

« Payments of amount 1/p each occur at the end of every 1/p — year period. (Total amount paid per
year is 1).

« Payments are made or received for n years.
« There would be total m x n payments.

» Valuation point is the time one payment period before the first payment.

6/



Question 5.2

Find the present value of annuity which pays'Rs. 500 at the end of each half-year for 20
years if the rate of interest is 9% p.a. convertible-semiannually. =
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P-thly Payable
Annuities

Present value of P-thly payable Annuity-Immediate is found by summing a geometric progression as:

1 2 n-1
1 — — J—
a(—p)=—[v(z’)+v(p)+ ........ +v(p)+v”]
n| p
@ . (n+1
1 [17 P’ —pl /P)
- 1
p 1—1)(5)
1—pn

p[(1+i)P —1]

1 —p"
i)
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P-thly Payable
Annuities
P-thly payable Annuity-Due

It is denoted as d.%’.

n|

+ The effective annual interest rate is |.

« Payments of amount 1/p each occur at the start of every 1/p — year period. (Total amount paid per
year is 1).

« Payments are made or received for n years.
« There would be total m x n payments.

* Valuation point is the time at t=0.
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P-thly Payable
Annuities

Present value of P-thly payable Annuity-Due is found similarly by summing a geometric progression as:

1 2 n-—
éi.—=l[1+v(5)+v(5)+ ........ &)
?‘l| P

Solving further gives;

.(p) _ 1-v"
Aul = a®»
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P-thly Payable
Annuities
Perpetuities payable p-thly

« The present value of payments of 1 pa payable in instalments of 1/p at the end of each p-thly time period
forever is:

() _ 1
aoo| ~ i@

« The present value of payments of 1 pa payable in instalments of 1/p at the start of each p-thly time period
forever is:

i = =

al  d®)

L
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Question

Describe what the following quantity represents and compute the value for i = 5% per annum.

o 9 c&’_'c‘__;

10| n (1+)" V" 5 a- (fa); (Da)y n 5%
n ni n n
| 1.05000 095238 10000 09524 09524 09524 1 i 0.050 000
2 110250 090703 20500 18594 27664 28118 2 | . 0.049 390
3 115763 0.863 84 31525 27232 53580 55350 3 o %) :
4 121551 082270 43101 35460 86488 90810 4 it 0.049 089
5 127628 078333 55256 43295 125664 134105 5 | 0.048 889
6 134010 0.74622 68019 S0757 170437 184862 6 .
7 140710 0.710 68 81420 57864 220185 242725 7 | o 0.048 790
§ 147746 067684 95491 64632 274332 307357 8
9 1.551 33 064461 110266 71078 332347 378436 4 (1 s 1024 695
10 1.62889 061391 125779 7.7217 393738 455653 10 o v

a+n"  ro22n
11 171034 0.584 68 142068 83064 458053 538717 1 =
12 179586 0.556 84 159171 88633 524873 627350 12 (I+0"7° 1004074
13 1.88565 053032 177130 93936 593815 721285 13

14 197993 050507 195986 98986 664524 820272 14
15 15

' 5?2
207893 048102 215786 103797 736677 924068 V. 9.952 38l

e 0.975 900
16 218287 045811 236575 108378 809975 1032446 16 W 0987 877
17 229202 043630 258404 112741 884145 11435187 17 | ', PR
I8 240662 041552 281324 116896 958939 1262083 18 | W' 0995942
19 252695 039573  30.5390 120853 1034128 1382936 19
20 265330 037689 330660 124622 1109506 1507558 20 | 0 ET6 %
3l 27859 03sg94 357193 128212 ligdsse 135769 2 | 4@ oowae| 1OV
22 292526 034185 385052 131630 1260091 1767399 22 |
23 307152 032557 414305 134886 1334973 190285 23 |4 V0NN q.q
23 321510 031007 445020 137986 1409389 2040272 24 | 4" 0048691 a
25 338635 029530  47.7271 140939 1483215 2181211 25

s AZ)
26 355567 028124  S11135 143752 1556337 232493 26 | /1 N 9997+
27 373346 026785 S46691 146430 1628656 2471393 27 ilith 1.018 559 *
28 392013 025509 584026 148981 1700082 2620375 28 | .00 4499715 w® e

29 411614 024295 623227 15.1411 1770537 277.1785 29 !
30 432194 023138 664388 153725 1839950 2925510 30 74
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Question

At what annual effective rate of interest is the present value of a series of payment of $1 every six
months forever, with the first payment made immediately, equal to $10?
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Continuous Annuities

A special case of annuities payable more frequently than interest is convertible is one in which the frequency
of payment becomes infinite, i.e. payments are made continuously. Although difficult to visualize in practice, a
continuous annuity is of considerable theoretical and analytical significance. Also, it is useful as an
approximation to annuities payable with great frequency, such as daily.

We will denote the present value of an annuity payable continuously for n interest conversion periods, such
that the total amount paid during each interest conversion period is 1, by the symbol a;; .

An expression for az; is

An] = fonvt dt

since the differential expression v'dt is the present value of the payment dt made at exact moment t.

79
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Continuous Annuities

A simplifies expression for @;; is obtained by performing the integration
- n t
n| ~— fO vt dt

vt n
ano

1 -t
5

Thus, the continuous annuity is seen to be the limiting case of annuities payable mthly as m -> co.

82



—

Question
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LG
Smit depositsfi 2 every day in an account during the .d'
earns interest from the exact time of deposit, with interest

rate. The rate is 12% in 2005 and 2006. \ @
- L
Find the present value of amount in the account
a) Exactly based on daily deposits
) e y dep
b) assuming the approxumatlon that the deposits are made continuously -
— -
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Accumulated values of
Annuities

Up till here we considered the present values of different types of annuities. Now we look at the accumulated
values of annuities for it’s various types.

1] Annuity Immediate

Consider an annuity under which payments of 1 are made at the end of each period for n periods, where n is a
positive integer.

The valuation is illustrated on the following timeline:

Time 0] 1 2 N
! ! ‘

Payment ‘

Value
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Accumulated values of
Annuities

An expression for Sy; can be derived in an analogous manner as an equation of value at the end of the nth
period. The accumulated value of a payment of 1 made at the end of the first period is (1 +i)*~! The
accumulated value of a payment of 1 made at the end of the second period is (1 + i)"~2. This process is
continued until the accumulated value of a payment of 1 made at the end of the nth period is just 1. The total

accumulated value Sy; must equal the sum of the accumulated values of each payment, i.e.
ol = 1+ (141 + ... +(1+D)" 2+ 1+t

Again, a more compact expression can be derived by summing the geometric progression

Sap=1+ (1+0) + ... + (14 D)™ 2+ 1+ )L

(1+)" —1
(1+i)—1

(1+)™ -1
[

92



Question

Find the accumulated value of annuity which pays Rs.500 at the end of every year for 5 years if the

rate of interest is 10% pa effective.

—

50+ 5
&k

@ (= 07 r&

SO0 657

Goo

e Lo’ &
J
Soo O . (\ + 10 )

r—(\-r {DYB‘;_ I‘\ =

- 10%

(1+i)"

0.100 000
0.097 618
0.096 455
0.095 690

L Y S

1.100 00
1.210 00
1.331 00
1.464 10

1.61051 0.620 92

3Q5(2,>CQ5H
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Solution
(;, ‘o-/.q,O\.

: (1o §‘ ]
g o (1)

< 365‘2_.5‘5-/
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= QQO .
Question R | e x 2
) § g
What Ievela_rQount must be deposited on Mg_x_Land November 1 each year from 2008 to 2015, . LQ:') - C’\ /
inclusive, to accumulate to 7000 on November 1,2015 if the nominal annual rate of interest L .
compounded semi-annually is 9%?— L. .
W, - A w ?4:)
| L .
e, 06 ifos sl e 1/1,]:101 ;/5}15 fifis
0 5)
9o0e
{'Q i Q.) - ) h - 6 {
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Solution

O = % oo w K

F— % - L
L‘“M‘lﬂ”% Hh}og 1 hig gl s

l
g i Gt

S 2
4
=418 lo/
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Accumulated values of
Annuities

2] Annuity-Due

Consider an annuity under which payments of 1 are made at the start of each period for n periods, where nis a
positive integer.

The valuation is illustrated on the following timeline:

Time o) 1 2 n-1 N
: : : ‘

Payment

Value
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Accumulated values of
Annuities

The accumulated value of an annuity-due is given by S'n—l, it can evaluated as

Sq= M+ + e+ A+ 2+ L+ D)+ A+ D"

|
—
=
+
=
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Question

An investor wishes to accumulate $100,000 in a fund for retirement at the end of 12 years. To
accomplish this the investor plans to make deposits at the end of each year, the final payment to be
made one year prior to the end of the investment period.

How large should each deposit be if the fund earns 7% effective?

K«n ~ N N T S 9:‘ s
L \ { { ‘1 : —4"‘1\ \ \
\O |
Y g, ¢ q 9 l
/¢
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Question

An investor wishes to accumulate $100,000 in a fund for retirement at the end of 12 years. To
accomplish this the investor plans to make deposits at the end of each year, the final payment to be

made one year prior to the end of the investment period. m
How | hould each d it be if the fund 7% effective?
ow large should each deposit be if the fund earns 7% effective — ) l
\/\.}_\ L LA e 00 0T
— v B
Q o \O [ 1728
6 A .
0o ;{3@0 , |-
(1 -'rq = = w
o) e O (o
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Solution

(_'71- rd A U A 7('_—_>
- e
0 S | L g 4 o @ 12~
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o | 3> & 14 © ‘,g/m
e By & WRREY ’

W |
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Relationship

Note the following relationships between present values and/or accumulated values of annuities. The proofs of
these are very intuitive, you can try to derive.

*Su = @y A+ D" tobn =14 ang
— - -
1 ]
SRR
© Spp = an—|(1+1)”
L -£4d |0
anp  Sa
* | dy = app(1+1)
TS5 = Sp(L+)
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6.1 Annuity values on any date

Accumulated values of annuities can be evaluated on dates other than payment dates.

Consider the earlier example where an annuity under which seven payments of 1 are made at the end of the 3rd

through the 9th periods inclusive. Below is a is a time diagram for this annuity @I{Q_’ @ V2
1. 1 o | ! 1 ” - S
‘0 1 2 3' 4 +5 6 7 8 9‘ 10 11 ‘ @ a ?
- ( < N
| T 9.
] 5 :
2 - —
4 —_— )
) 1L f)./ /
(\ = (J Ao
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6.1 Annuity values on any date

Accumulated values of annuities can be evaluated on dates other than payment dates.

Consider the earlier example where an annuity under which seven payments of 1 are made at the end of the 3rd

through the 9th periods inclusive. Below is a is a time diagram for this annuity | | \
1 r 1 1 1 1 1 \ —+—)
- : o U 1L
=
o <3
3
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6.1 Annuity values on any date

Accumulated Value Calculation

In this case, the accumulated value of the annuity at the end of the 12th period is seen to be the accumulated
value at the end of the 9th period, accumulated for three periods, i.e.

Here it is also possible to develop an alternate expression strictly in terms of annuity values. Temporarily,
assume that imaginary payments of 1 are made at the end of the 10th, 11th, and 12th periods. Then the

accumulated value of all 10 payments is S1g;. However, we must remove the accumulated value of the
imaginary payments, which is S3;. Thus, an alternate expression for the accumulated value is

S101 - 33
Again, it is also possible to work with annuities-due instead of annuities- immediate.. The reader should verify

that the answer in this case, expressed as an annuity-due, is
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P-thly Payable
Annuities

We now look at evaluating annuities when the compounding interest periods and the annuity payment periods
are differing.

6.2

* Accumulated value of p-thly payable Annuity-Immediate, soon after the last payment is made is denoted by

S%) and we have: (_‘?) ~
T.o- g -\ DL
(59 <@ avor | 2= (-l | el
- Lo L PO

=(1+i)n—1 AN ?h «&Av\q

i)

» Accumulated value of p-thly payable Annuity-Due, one pth of an interest conversion period after the last
payment is made is denoted as S‘,(lp) and we have:

lﬁ?ﬁp): i (1+0)" S G ﬁt\\ %m

_a+m -1 P —

a® M \ ?(u‘—% d’@’) N




o .
Question RS

L
An investor effects a contract under which he pays o a savings account on 1 July 2006, and at 3-
Y monthly intervals thereafter, the final payment beingade on 1 October 2019. On 1 January 2020 the G 4 QC:'J ) Q"M
Lé:...-—- investor will be paid the accumulated amount of the account. _—— —— '

Calculate how much the investor will receive if the account earns interest at the rate of

+ . . ‘4
(a) 12% per annum effective, | - | Q / ’ C L )
{r
(b) 12% per annum co ble quart L




Solution

(@) Work in time units of 1 year. The accumulation is

(447 ~1
@)

zoo‘s'%% at 12% = 200[ ] at 12%

= £6,475.64
(b) Work in time units of a half-year. The accumulation is
10082 at 6% = £6,655.86

(c) Work in time units of a quarter-year. The accumulation is

505571 at 3% = £6,753.58









6.3

Continuously payable
Annuities

The accumulated value of a continuous annuity at the end of the term of the annuity is denoted by $;;;. The
following relationships hold:

Soi = Jo (L+ D) dt

_(a+Dt
a [ln(1+i)]0

(1+)" -1
&

114



R_m

elationship N
6.4 S Q’___] _ l —‘ \ i

” . |
..(p)_ l o .
i = 2 % o — >t

_ o
s = L 4 o) a :ﬂ
n 1@ nj
@ _ i o N
p) _ _
S — Sl fL
-___._._..--""

i -
i = 5 A 0 m S
i

115



Varying Rates of
Interest

So far we have assumed a level rate of interest throughout the term of the annuity. Now we look at situations
where rate of interest is different, but compound interest is still inn effect.

We understand the concept better through an example:

Question

Find the accumulated value of a 10- ~year annuity-i annU|ty—|mmed|ate df $100 per year if the effective rate of interest % 5%
for the fwsf'Eyﬁrs and 4% for the last 4 years.
- w\/\/m":q aoscne - 10ymn
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Solution

The value of first six payments is

100 5, -
This value is a_ccuinulated to the end of the 10 years at 4%, giving
10055, (1.04)"

The accumulated value of the last four payments is

100 504 °

Thus, the answer 18
100 [ 53,4 (104)" + 57, |
100[ (6.8019)(1.16986)+(4.2465) |

= $1220.38.
—_—



Question 5.716

Find th@ of an annuity-immediate which pays 1 at the end of each half-year for five
years, if the rate of interest is 8% convertible semiannually for first three years and 7% convertible
semiannually for the last two years.
( v)
() L
@ t— © L1 8 1ya9).
¢ v (¢ )

—_——t,

e

5 +’ — J[?\ ﬂ\\o\o“{’”J

h

S B ,
W ?

|
\
b T




An individual intends to retire on his 65th birthday in exactly four years’ time.
The government will pay a pension to the individual from age 68 of £5, ,000 per
annum monthly in advance. The individual would like to purchase amannuity
certain so that his income, }We_gm&mmenmsmj is £8,000 per
annum paid monthly in advance from age 65 until his 78th birthday. He is to
purchase the annuity by a series of payments made over four years quarterly
in advance starting immediately.

Calculate the quarterly payments the individual has to make if the present
value of these payments is equal to the present value of the annuity he wishes
to purchase at a rate of interest of 5% per annum effective. Mortality should
be ignored. — [6]
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An investor has a choice of two 15-year savings plans, A and B, issued by a
company. In both plans, the investor pays contributions of $100 at the start
of each month and the contributions accumulate at an effective rate of interest
of 4% per annum before any allowance is made for expenses.

In plan A, the company charges for expenses by deducting 1% from the
annual effective rate of return.

In plan B, the company charges for expenses by deducting $15 from each of
the first year's monthly contributions before they are invested. In addition it
deducts 0.3% from the annual effective rate of return.

Calculate the percentage by which the accumulated amount in Plan B is
greater than the accumulated amount in Plan A, at the end of the 15 years.

[6]



Subject CT1 September 2016 Question 2
The nominal rate of interest per annum convertible quarterly is 2%.

Calculate the present value of a payment stream paid at a rate of €100 per
annum, monthly in advance for 12 years. [4]



Subject CT1 April 2015 Question 5

An investor pays £120 per annum into a savings account for 12 years. In the
first four years, the payments are made annually in advance. In the second
four years, the payments are made quarterly in advance. In the final four
years, the payments are made monthly in advance.

The investor achieves a yield of 6% per annum convertible half-yearly on the
investment.

Calculate the accumulated amount in the savings account at the end of 12
years. [7]



Uncommon facts about
annuities

< With annuities, most of the time you don't give up access to your original deposit

% Not all annuities have surrender charges
% Deferred annuities provide tax-advantaged saving and lifetime income.
% A fixed annuity is good for principal protection.

% A variable annuity has investment risk.

% Annuities are only as strong as the companies that issue them.

< Not all annuity payments expire when you do.
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Recap -

Formulas
Pk - | s
) = — o =— W=
A+ -1 1+ -1 _(+9)" -1
e : SO = J nl b))
@ _ 1=V 4 1
nl ,'(P) 7l d(p)
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Extra Reading

Calculating Present and Future Values of Annuities
https://www.investopedia.com/retirement/calculating-present-and-future-value-of-annuities/

All about annuities
https://www.annuity.org/annuities/
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Varying
Annuities

« So far all the annuities considered have had level payments.

« Now we remove this restriction and consider annuities with varying payments.

« For an annuity in which the payments are not all of an equal amount, it is a simple matter to find the
present (or accumulated) value from first principles. For example, the present value of such an annuity may
always be evaluated as a % —_—— -

where the ith payment, of amount Xi, is made at time ti.

In particular, we consider two types of varying annuities which are commonly encountered in practice.
1] Increasing Annuities

2] Decreasing Annuities

129



9.1

Increasing
Annuities

In the particular case when Xi = ti = i, the annuity is known as an increasing annuity, and its present value is
denoted by (Ja)y; and accumulated value as (1)

It can be shown on the timeline as:

Time 0 1 2 n-1 n

Payment 1 2 n-1 n

Value
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9.1

Increasing
Annuities

Level Increasing Annuities

(Ia)gp=1v+2v* +3v° + ..+ nv"  ->1
Now multiplying on both sides by (1+i)

(Ia)z; (1+i) = 1+ 2v + 3v* + ..+ nv"™t > 2

Subtracting 2 from 1

(Ia)g A+ - (a)gy = L+v+v? +v° + .+ 0" -

F(a)yp = dqy - nv™

Thus:

a- - Nv"

(Ia)g = ———

nyn
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9.1

Increasing
Annuities

Payments varying in Arithmetic Progression

The present value of any annuity payable in arrears for n time units for which the amounts of successive
payments form an arithmetic progression can be expressed in terms of a;; and (1a)y.

If the first payment of such an annuity is P and the second payment is (P + Q), the t th payment is (P - Q) +
Qt, and the present value of the annuity is therefore

(P-Q) ay; + Q (Ia)y;
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N |- ¢ I
— £ Question 2> 119469 T2 » «4-1002

Measuring time in years, calculate the present value of a cash flow stre!m Rs. 4.6 8 10,—aad-1&-p"dJ

times 1,2, 3,4, and 5if i = 7% per annum.

» C % \0 - cc
| I ' 1 t | :
'9) I 2. 3 & S M
b G 0 2
| z| _t_|____1———-|qs"l @} ; +—t———1
o | 2 8 &« 5 o ¢ ¥ 3 1T ¢




-\ n
0 n (1+17) v Um .

- i 0.100000 | 1 1.100 00 0.909 09 1.000 0
2) 2 121000 0.82645 2.1000
A 133100 0.75131 33100
- i 0.096455 | 4 1.464 10 0.683 01 46410
T : 6 1.771 56 0.564 47 7.7156
ao 5 0.095 310 7 1.948 72 0.513 16 9.487 2
8 2.14359 0.466 51 11.4359
. . . 12 9 235795 042410 13.579 5
U - lO/ - VO (L= LB | 40 2.59374 0.385 54 15.937 4

(1+ig" 4114
I—‘—| l‘ - L1 285312 035049 18.5312
V . (l+z 1407974 12 3.13843 0.31863 21.3843
. '\ © |13 3.45227 0.289 66 245227
N M 9 7 9 09095001 | 14 379750 026333 27.975 0
. { s o e | 417725 0.23939 31.772 5

= W2 0.953 46
—— ¥
— O WS v oeass |16 459497 021763 35.949 7
- : 17 5.05447 0.197 84 40.544 7
W2 0992089 | 18 5.55992 0.179 86 45.599 2
19 6.11591 0.163 51 51.159 1
) . T 6.72750 0.148 64 57.275 0
SOQ_—-'% + J80 (10) — S €50 &o €SO
— I
o | V (1
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9.1

Increasing
Annuities

Increasing Annuity Due

The notation (Ici)n—l is used to denote the present value of an increasing annuity due payable for n time
units, the nth payment (of amount n) being made at time n - 1.

Present Value
Ja)gp=1+2v+3v2+ .+t ->1
Multiplying both sides by v

VUa)zg=v+2v2+303 + + (n—1v" 1+ nv" ->2

Subtracting 1 from 2

Ja)m (1-v) = T+v+v2 +v3 + .+ 0" -nv" = gy - o™

. a;l - Nv"
(a)y; = —
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9.1

Continuous
Annuities

For increasing annuities that are payable continuously, it is important to distinguish between annuities
which have a constant rate of payment r (per unit time) throughout the rth period and annuities which
have a rate of payment t at time t.

« For the former, the rate of payment is a step function, taking the discrete values 1, 2,..

« For the latter, the rate of payment itself increases continuously.

If the annuities are payable for n time units, their present values are denoted by (Ia);; and (Ia)y;
respectively.

The present values are:

an—l - Nyt
)

* (Ta)y =

- n
anl Nv

)

© @)y =
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9 1 Accumulated
" Values

The accumulated values of varying annuities are as follows:

* Sy = A +D)"(a)y
¢« (USa = A+ D" Ud)y
* Sz = A+ D" a)y

* USm = A+ )" Ua)y
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Decreasing

9.2 Annuities

We can use the increasing annuity functions to evaluate annuities with decreasing payments.

Consider the timeline:’

‘ Time ‘ 0 ‘ : ‘ 2 ‘ 3
Payment P P-Q P-2Q
Value

The present value is then given as:

(Da)y = (P+Q) az; - Q (Ia)y;
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Question

N+ XKD

An annuity is payable annually in arrears for 20 years. The first payment is of amount £8,000, and the
amount of each subsequent payment decreases by £300 each year. Find the present vaftie of the

annuity on the basis of an interest rate of-S-% per annum effective.

S0 700, Muoe o 0> 2300
O I 2 3 T L Q0

3’0 w Qo0 — 3303 gWwe WO

‘—-\--——\__\3_——’_'6 o ‘ 2 2
W30 A
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9.3

Compound Increasing
Annuities

We will also need to be able to value compound increasing annuities where the payments increase by a
constant factor each time.

We consider an example to understand better.

An annuity provides for 20 annual payments, the payment a year hence being $1000. The payments increase
in such a way that each payment is 4% greater than the preceding payment. Find the present value of this
annuity at an annual effective rate of interest of 7%.
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Solution

The present value of this annuity is:

& (1 04)1°
1000v[1 + 7 =~ T @one |
The expression in brackets is simply a geometric progression of the form:
3 -1 | — .\'"
l+x+x"+ - +x"" =
l=x
Where, x = D:
Thus:
_ (1 (14)10

1000 v [1‘—,"[,’,] = 14,459

1.07
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Question

A perpetuity akes annual payments which begin at $1OO for the first st year, then increase at 6%
p.a. through the 10th year, and then ;gmaln level thereafter. —

——— aEme—

S——— ) )
Calculate the present value of this perpetuity, if the annual effective rate of interest is equal to 8%.
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Solution

The present value of the first 10 payments is Note that the 10" annual payment is made at time t =9.
" The present value of the rest of the payments is
100| 1.4 1:96 (1.06)
ofs s of v 5 ¢ e | cmsm—
1.08 1.08 9 1 |
u -y l()0{1006) l°+ T + e
(1.06 )‘° (1.08)" (1.08)
l_. el
1.08 9
=10 | = - oo 28| L
[ 08 . 08 (1.08)
- - 9
= loo(ﬂ) L~ j0s64s.
1.08 / .08

Thus, the total present value equals

920.65+1056.45 = $1977.10.
e
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