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What is an Annuity?
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An annuity may be defined as a series of payments made at equal intervals of time. Annuities are common 
in our economic life. 

1.1

House rents, mortgage payments, instalment payments 
on automobiles, and interest payments on money 
invested are all examples of annuities.



Types of Annuities
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1.2

Annuity

Time of 
payment

Arrear Due

Commencing Time

Immediate Deferred

Payment

Fixed Variable

Increasing Decreasing



Types of Annuities
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1.2
1. Consider an annuity such that payments are certain to be made for a fixed period of time. An annuity  with  

these properties  is called  an annuity-certain. The fixed period of time for which payments are made is 
called the term of the annuity..

2. An annuity under which the payments are not certain to be made is called a contingent annuity. A 
common type of contingent annuity is one in which payments are made only if a person is alive. Such 
annuity is called life annuity.

3. If payments are made at the end of each time period, they are paid in arrear. Such an annuity is called an 
annuity-immediate. 

4. If they are made at the beginning of each time period, they are paid in advance. An annuity paid in advance 
is also known as an     annuity-due.

5. If each payment is for the same amount, this is a level annuity. If payments increase (decrease) each time 
by the same amount, this is a simple increasing (decreasing) annuity.



Present values of Annuities
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2
1] Annuity Immediate

Consider an annuity under which payments of 1 are made at the end of each period for n periods, where n is a 
positive integer.

The valuation is illustrated on the following timeline:

Time 0 1 2 …... n

Payment 1 1 ... 1

Value



Present values of Annuities
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2
 



Present values of Annuities
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2
 



Present values of Annuities
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2
 



Question

10

Find the present value of annuity which pays Rs. 2000 at the end of every year for 8 years if the rate of 
interest is 5% p.a. effective.



Solution

11

.



Question

12

Find the present value of annuity which pays $500 at the end of every half year for 20 years if the rate 
of interest is 9% convertible semiannually.



Solution

13



Present values of Annuities
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2
2] Annuity Due

Consider an annuity under which payments of 1 are made at the start of each period for n periods, where n is a 
positive integer.

The valuation is illustrated on the following timeline:

Time 0 1 2 …... n-1 n

Payment 1 1 1 ... 1

Value



Present values of Annuities
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2
 



Question

16

Find the present value of annuity which pays Rs.500 at the start of every year for 5 years if the rate of 
interest is 10% pa effective.



Solution

17
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2
 



Annuity values on any date
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2
So far we considered evaluating present values of annuities at the beginning of the term ( either one period 
before, or at the date of the first payment ). However, it is often necessary to evaluate annuities at other dates.

Example

Consider  an annuity under which seven payments of 1 are made at the end of the 3rd through the 9th periods 
inclusive. Below is a is a time diagram for this annuity:

The values at the end of the 2nd and 3rd periods are given directly, either by annuities-immediate or by 
annuities-due, as labeled on the time diagram.

1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 10 11

↑ ↑



Annuity values on any date

20

2
 



Annuity values on any date
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2
Deferred Annuity

This type of annuity is often called a deferred annuity, since payments commence only after a deferred period. A 
symbol given to an annuity-immediate deferred for m periods with a term of n periods after the deferral period 
is          .

Thus, the annuity being illustrated could be labeled  

It is also possible to work with a deferred annuity-due. The reader should verify that the answer to this case, 
expressed as annuity-due, is:

A symbol for this annuity would be 



Question

22

On her 18th b’day, Latika receives an annuity that is to pay Rs. 5,000 on her 25th through 39th b’days. 
Calculate the value of the annuity on her 18th b’day using an annual effective interest rate of 5% p.a.



Solution

23

.



Perpetuities
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3
 



Perpetuities
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3
 



Question

26

A leaves an estate of $100000. Interest is paid to beneficiary B for first 10 years, to C for next 0 years 
and to D thereafter. 

Find the present value of interest received by B, C and D if it is assumed that the estate will earn a 7% 
annual effective interest rate.



Solution

27

.



Differing Interest and Payment periods
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3.1
We saw annuities where the quoted compounding interest period is the same as the annuity payment 
period. It may often be the case that the quoted compounding interest period may not coincide with the 
annuity payment period. 

For the purpose of numerical evaluation of annuity, we focus on the annuity payment period and 
determine and use the interest rate per payment period that is equivalent to the quoted rate of interest



P-thly Payable Annuities
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4
 



P-thly Payable Annuities
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4
 



P-thly Payable Annuities
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4
 



P-thly Payable Annuities
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4
 



P-thly Payable Annuities
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4
 



Question

34

 



Solution

35

.



Question

36

At what annual effective rate of interest is the present value of a series of payment of $1 every six 
months forever, with the first payment made immediately, equal to $10?



Solution

37

.



Continuous Annuities
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5
 



Continuous Annuities
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5
 



Question

40

Smith deposits 12 every day in an account during the year 2005 and 2006. The account earns interest 
from the exact time of deposit, with interest quoted as an effective annual rate. The rates are 9% in 
2004 and 12% in 2005 and 2006.

Find the present value of amount in the account assuming the approximation that the deposits are 
made continuously.



Solution

41

.



Accumulated values of Annuities
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6
Up till here we considered the present values of different types of annuities. Now we look at the accumulated 
values of annuities for it’s various types.

1] Annuity Immediate

Consider an annuity under which payments of 1 are made at the end of each period for n periods, where n is a 
positive integer.

The valuation is illustrated on the following timeline:

Time 0 1 2 …... n

Payment 1 1 ... 1

Value



Accumulated values of Annuities
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6
 



Question

44

Find the accumulated value of annuity which pays Rs.500 at the end of every year for 5 years if the rate 
of interest is 10% pa effective.



Solution

45

.



Question

46

What level amount must be deposited on May 1 and November 1 each year from 2008 to 2015, 
inclusive, to accumulate to 7000 on November 1,2015 if the nominal annual rate of interest 
compounded semi-annually is 9%?



Solution

47

.



Accumulated values of Annuities
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6
2] Annuity-Due

Consider an annuity under which payments of 1 are made at the start of each period for n periods, where n is a 
positive integer.

The valuation is illustrated on the following timeline:

Time 0 1 2 …... n-1 n

Payment 1 1 1 ... 1

Value



Accumulated values of Annuities
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6
 



Question

50

An investor wishes to accumulate $100,000 in a fund for retirement at the end of 12 years. To 
accomplish this the investor plans to make deposits at the end of each year, the final payment to be 
made one year prior to the end of the investment period. 

How large should each deposit be if the fund earns 7% effective?



Solution

51

.



Relationships

52

6
 

 



Annuity values on any date

53

6.1
Accumulated values of annuities can be evaluated on dates other than payment dates. 

Consider the earlier example where an annuity under which seven payments of 1 are made at the end of the 3rd 
through the 9th periods inclusive. Below is a is a time diagram for this annuity

1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 10 11

↑ ↑



Annuity values on any date
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6.1
 



P-thly Payable Annuities
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6.2
 



Question

56

An investor effects a contract under which he pays £50 to a savings account on 1 July 2006, and at 
3-monthly intervals thereafter, the final payment being made on 1 October 2019. On 1 January 2020 the 
investor will be paid the accumulated amount of the account. 

Calculate how much the investor will receive if the account earns interest at the rate of

(a) 12% per annum effective,

(b) 12% per annum convertible half-yearly,

(c) 12% per annum convertible quarterly.



Solution



Continuously payable Annuities
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6.3
 



Relationships
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6.4
 



Varying Rates of Interest
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7
So far we have assumed a level rate of interest throughout the term of the annuity. Now we look at situations 
where rate of interest is different, but compound interest is still inn effect.

We understand the concept better through an example:

Question

Find the accumulated value of a 10-year annuity-immediate of $100 per year if the effective rate of interest is 5% 
for the first 6 years and 4% for the last 4 years.



Solution 
The value of first six payments is 



Uncommon facts about annuities
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8
❖ With annuities, most of the time you don’t give up  access to your original deposit

❖ Not all annuities have surrender charges

❖ Deferred annuities provide tax-advantaged saving and  lifetime income.

❖ A fixed annuity is good for principal protection.

❖ A variable annuity has investment risk.

❖ Annuities are only as strong as the companies that  issue them.

❖ Not all annuity payments expire when you do.



Recap - Formulas
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Extra Reading
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Calculating Present and Future Values of Annuities
https://www.investopedia.com/retirement/calculating-present-and-future-value-of-annuities/

All about annuities
https://www.annuity.org/annuities/

https://www.investopedia.com/retirement/calculating-present-and-future-value-of-annuities/
https://www.annuity.org/annuities/


Varying Annuities
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9
 



Increasing Annuities
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9.1
 

Time 0 1 2 …... n-1 n

Payment 1 2 ... n-1 n

Value



Increasing Annuities
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9.1
 



Increasing Annuities
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9.1
 



Question

69

Measuring time in years, calculate the present value of a cash flow stream Rs. 4, 6, 8, 10, and 12 paid at 
times 1, 2, 3, 4, and 5 if i = 7% per annum.



Solution



Increasing Annuities
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9.1
 



Continuous Annuities
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9.1
 



Accumulated Values
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9.1
 



Decreasing Annuities
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9.2
 

Time 0 1 2 3 …... n

Payment P P-Q P-2Q ... Q

Value



Question
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An annuity is payable annually in arrears for 20 years. The first payment is of amount £8,000, and the 
amount of each subsequent payment decreases by £300 each year. Find the present value of the 
annuity on the basis of an interest rate of 5% per annum effective.



Solution



Compound Increasing Annuities
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9.3
We will also need to be able to value compound increasing annuities where the payments increase by a 
constant factor each time.

We consider an example to understand better.

An annuity provides for 20 annual payments, the payment a year hence being $1000. The payments increase 
in such a way that each payment is 4% greater than the preceding payment. Find the present value of this 
annuity at an annual effective rate of interest of 7%.



Solution



Question

79

A perpetuity-due makes annual payments which begin at $100 for the first year, then increase at 6% 
p.a. through the 10th year, and then remain level thereafter.

Calculate the present value of this perpetuity, if the annual effective rate of interest is equal to 8%.



Solution


