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Precap of Previous Chapter
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• Hedging is undertaken with basic aim to offsetting the risk faced in various positions taken in the market. 

Hedge could be of different types – perfect, dynamic or static hedge and a short or long hedge.

• The payoff from a long position in a forward contract on one unit of an asset is 𝑆𝑇 - K. The payoff from a 

short position in a forward contract on one unit of an asset is K -  𝑆𝑇 .

• Basis is the difference between spot and future prices at any point in time. Basis risk arises because of the 

uncertainty about the basis when the hedge is closed out.

• The effective price that is obtained for the asset with hedging is 

𝑆2 + 𝐹1 - 𝐹2 = 𝐹1 + 𝑏2
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• The hedge ratio is the ratio of the size of the position taken in futures contracts to the size of the exposure. 

• The minimum variance hedge ratio is  ℎ∗ = ρ 
𝜎𝑆

𝜎𝐹

• The optimal number of futures contracts required is N* = 
ℎ∗𝑄𝐴

𝑄𝐹

• A stock index tracks changes in the value of a hypothetical portfolio of stocks. 

• Stock index futures can be used to hedge a well-diversified equity portfolio. 

• Reasons to Hedge an Equity Portfolio include:

- removes the risk arising from market moves

- reduces the systematic risk

- provides short-term protection 

Precap of Previous Chapter
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Introduction
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1

We will examine how forward prices and futures prices are related to the spot price of the underlying asset. 

Forward contracts are easier to analyse than futures contracts because there is no daily settlement—only a 

single payment at maturity.

It can be shown that the forward price and futures price of an asset are usually very close when the 

maturities of the two contracts are the same. This is convenient because it means that results obtained for 

forwards are usually also true for futures.



Types of Assets
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1.1
We will classify the assets into 2 types

Types of 
Assets

Investment 
Assets 

Consumption 
Assets



Types of Assets
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1.1

What do you 

understand by 

investment & 

consumption assets? 

What are the 

reason for 

holding them 

respectively?

Which assets 

could be 

classified as 

investment and 

consumption 

assets? 

When considering forward and futures contracts, it is important to distinguish between investment assets and 

consumption assets. 



Types of Assets - Activity
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1.1

Classify the following assets into investment or Consumption assets.

• Bonds
• Coffee
• Shares
• Iron
• Real Estate
• Gold
• Certificate of Deposit
• Silver
• Copper



Investment Assets
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An investment asset is an asset that is held for investment purposes by significant numbers of investors. 

1.2

Example - Stocks and bonds are clearly investment 

assets. 

Gold and silver are also examples of investment 

assets. Note that investment assets do not have to 

be held exclusively for investment.  (Silver, for 

example, has a number of industrial uses.) However, 

they do have to satisfy the requirement that they 

are held by significant numbers of investors solely 

for investment.



Consumption Assets
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A consumption asset is an asset that is held primarily for consumption. It is not usually held for 

investment. 

1.3

Example - Consumption assets are commodities such as copper, oil, and pork bellies.

In this chapter we will see that we can use arbitrage arguments to determine the forward and futures 

prices of an investment asset from its spot price and other observable market variables. We cannot do 

this for consumption assets.



Short Selling
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We understand what buying means. We understand what selling means. But…..

What do you mean or understand by short selling?

2



Short Selling
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Short selling involves selling an asset that is not owned. It is something that is possible for some—but 

not all—investment assets.

2

Some of the arbitrage strategies presented in this chapter involve short selling. This trade, usually simply 

referred to as ‘‘shorting.

An investor with a short position must pay to the broker any income, such as dividends or interest, that 

would normally be received on the securities that have been shorted. The broker will transfer this income 

to the account of the client from whom the securities have been borrowed.



Short Selling - Example
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2

An investor instructs a broker to short 500 IBM 

shares. 

The broker will carry out the instructions by 

borrowing the shares from another client and 

selling them in the market in the usual way. 

The investor can maintain the short position 

for as long as desired, provided there are 

always shares for the broker to borrow.  

At some stage, however, the investor will close 

out the position by purchasing 500 IBM 

shares.



Short Selling - Example
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2

Let’s suppose the investor closes out the position.

Consider the position of an investor who shorts 500 shares in April when the price per share is $120 and 
closes out the position by buying them back in July when the price per share is $100. Suppose that a 
dividend of $1 per share is paid in May. The investor receives 500 x $120 = $60,000 in April when the short 
position is initiated. The dividend leads to a payment by the investor of 500 x $1 = $500 in May. The 
investor also pays 500 x $100 = $50,000 for shares when the position is closed out in July. 

The net gain, therefore, is = $60,000 - $500 - $50,000 = $9,500
assuming there is no fee for borrowing the shares.

Suppose instead of shorting the investor purchases the 500 shares in April and sells them in July, 
receiving the dividend in May. Calculate the investors net gain. Also suggest the ideal strategy from the 
two. 



Question 
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1. The price of a futures contract at the expiration date of the contract 
(a) equals the price of the underlying asset. 
(b) equals the price of the counterparty. 
(c) equals the hedge position. 
(d) equals the value of the hedged asset. 
(e) none of the above. 

Answer: A

2. If a firm must pay for goods it has ordered with foreign currency, it can hedge its foreign exchange rate risk by 
_____ foreign exchange futures _____. 
(a) selling; short 
(b) buying; long 
(c) buying; short 
(d) selling; long 

Answer: B



Question 
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3. Futures markets have grown rapidly because futures 

(a) are standardized. 

(b) have lower default risk. 

(c) are liquid. 

(d) all of the above.

Answer: D

4. Futures contracts trade with every month as a delivery month. A company is hedging the
purchase of the underlying asset on June 15. Which futures contract should it use?
A. The June contract
B. The July contract
C. The May contract
D. The August contract

Answer: B



Certain Definitions
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An interest rate refers to the amount charged by a lender to a borrower for any form of debt. It is listed as a 

current liability and part of given, generally expressed as a percentage of the principal.

The discount factor, is the factor by which a future cash flow must be multiplied in order to obtain the present 

value. So if suppose i is the interest rate and v is the discount rate then, v = 1/(1+i).

3.1

The price of a futures contract is what is agreed upon by both the parties and mentioned in the contract. We 

will look in this chapter at how to price forwards/futures contracts. Price is fixed throughout the contract tenure.

The value of a futures contract is what comes into picture due to the daily marking-to-market of prices. The 

value keeps fluctuating based on changes in spot prices and futures prices.



Assumptions
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3.2

Before pricing we make certain assumptions about the market. In this chapter we will assume that 

the following are all true for the market participants:

1. The market participants are subject to no transaction costs when they trade.

2. The market participants are subject to the same tax rate on all net trading profits.

3. The market participants can borrow money at the same risk-free rate of interest as they can lend 

money.

4. The market participants take advantage of arbitrage opportunities as they occur.



Notations
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3.3

The following notations will be used throughout this chapter:

T : Time until delivery date in a forward or futures contract (in years).

𝑆0 : Price of the asset underlying the forward or futures contract today, i.e. at time 0.

𝐹0 : Forward or futures price today, i.e. at time 0.

r : Zero-coupon risk-free rate of interest per annum, expressed with continuous compounding, for an 

investment maturing at the delivery date (i.e., in T years).



Forward Price of an Investment Asset
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4

The easiest forward contract to value is one written on an investment asset that provides the holder with 

no income. Non-dividend-paying stocks and zero-coupon bonds are examples of such investment assets.

We consider a forward contract on an investment asset with price 𝑆0 that provides no income. Using our 

notation, T is the time to maturity, r is the risk-free rate, and 𝐹0 is the forward price. Assuming no arbitrage. 

The relationship between 𝐹0 and 𝑆0 is:

𝐹0 = 𝑆0 x 𝑒𝑟𝑇

4.1  No Income



Question
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Consider a long forward contract to purchase a non-dividend-paying stock in 3 months. Assume the 

current stock price is $40 and the 3-month risk-free interest rate is 5% per annum. 

Calculate the forward price.



Solution
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We have T = 3/12, r = 0:05, and 𝑆0 = 40. 

The forward price, 𝐹0, is given by

𝐹0 = 40 x 𝑒0.05𝑥(
3

12
)
 = $40.50

This would be the delivery price in a contract negotiated today. This is the correct price for the forward. 

Any price other than this will open up arbitrage opportunities in the market.

Let’s see how!



Forward Price of an Investment Asset
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4

Suppose that the forward price is relatively high at $43. Since this price is higher than the actual 

price arbitrage opens up. How do you think can an arbitrageur lock in profits in this scenario?  

Arbitrage Opportunity



Forward Price of an Investment Asset
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4

Arbitrage Opportunity

Strategy to Lock Profits

The forward price is relatively high at $43. An arbitrageur can borrow $40 at the risk-free interest rate of 

5% per annum, buy one share, and short a forward contract to sell one share in 3 months. At the end of 

the 3 months, the arbitrageur delivers the share and receives $43. The sum of money required to pay off 

the loan is 40 x 𝑒0.05𝑥(
3

12
)
 = $40:50

By following this strategy, the arbitrageur locks in a profit of $43:00 - $40:50 = $2:50 at the end of the 3-

month period.

Suppose now that the forward price is relatively low at $39. This also leads to arbitrage. Think of an 

arbitrage strategy to lock profits.



Forward Price of an Investment Asset
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4

We consider a forward contract on an investment asset that will provide a perfectly predictable cash 

income to the holder. Examples are stocks paying known dividends and coupon-bearing bonds.

Let, I = present value of the income during the life of the contract.

Forward price when an investment asset will provide income with a present value of I during the life of a 

forward contract, we have

𝐹0 = (𝑆0 - I) x 𝑒𝑟𝑇

4.2  Known Income



Question
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Consider a 10-month forward contract on a stock when the stock price is $50. We assume that the risk-free 

rate of interest (continuously compounded) is 8% per annum for all maturities. We also assume that 

dividends of $0.75 per share are expected after 3 months, 6 months, and 9 months.

Calculate the forward price for this contract.



Solution
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The present value of the dividends, I, is

The variable T is 10 months, so that the forward price, 𝐹0, is given by



Forward Price of an Investment Asset
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4

We now consider the situation where the asset underlying a forward contract provides a known yield 

rather than a known cash income. This means that the income is known when expressed as a percentage 

of the asset’s price at the time the income is paid. We will normally measure yields with continuous 

compounding.

Define q as the average yield per annum on an asset during the life of a forward contract with continuous 

compounding. 

The forward price is then given as:

𝐹0 = 𝑆0 x 𝑒(𝑟−𝑞)𝑇

4.3  Known Yield



Question
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Consider a 6-month forward contract on an asset that is expected to provide income equal to 
2% of the asset price once during a 6-month period. The risk- free rate of interest (with 
continuous compounding) is 10% per annum. The asset price is $25.

Calculate the forward price.



Solution
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Note:

Suppose that Rc is a rate of interest with continuous compounding and Rm is the equivalent rate 

with compounding m times per annum, then

In this case, 𝑆0 = 25, r = 0:10, and T = 0:5. The yield is 4% per annum with semiannual compounding. This 

is 3.96% per annum with continuous compounding. It follows that q = 0:0396, so that the forward price, 

𝐹0 , is given by



Valuing Forward Contracts
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Example

5

To hedge against falling commodity prices, a 

wheat farmer takes a short position in 10 

wheat futures contracts on November 21, 

2019. Since each contract represents 5,000 

bushels, the farmer is hedging against a 

price decline on 50,000 bushels of wheat. If 

the price of one contract is $4.50 on 

November 21, 2019, the wheat farmer's 

account will be recorded as $4.50 x 50,000 

bushels = $225,000.

The daily mark to market settlements will continue until the expiration date of the futures contract or 

until the farmer closes out his position by going long on a contract with the same maturity.



Valuing Forward Contracts
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5

The value of a forward contract at the time it is first entered into is zero. 

Later it may prove to have a positive or negative value. It is important for banks and institutions to 

value the contract each day. (This is referred to as marking to market the contract – as in the 

example before).

Let, K = the delivery price for a contract that was negotiated some time ago. 

The variable 𝐹0 is the forward price that would be applicable if we negotiated the contract today.

In addition, we have f to be the value of forward contract today.



Value of Long & Short Forward
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5.1

The value of a long forward, (both those on investment assets and those on 

consumption assets), is,

f = (𝐹0 - K) 𝑒−𝑟𝑇

    i.e.     f = 𝑆0 - K𝑒−𝑟𝑇

The value of a short forward contract (both those on investment assets and those on 

consumption assets), is,

  f = (K - 𝐹0) 𝑒−𝑟𝑇

Note: 𝐹0 = 𝑆0𝑒𝑟𝑇

Therefore, 𝑆0 = 𝐹0𝑒−𝑟𝑇



Question
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A long forward contract on a non-dividend-paying stock was entered into some time ago. It 

currently has 6 months to maturity. The risk-free rate of interest (with continuous compounding) is 

10% per annum, the stock price is $25, and the delivery price is $24.

Calculate the value of the forward contract.



Solution
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In this case, 𝑆0 = 25, r = 0:10, T = 0:5, and K = 24. 

The 6-month forward price, 𝐹0, is given by

The value of the forward contract is



Value of Forward contract with Income
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5.2

Expression for the value of a long forward contract on an investment asset that 

provides a known income with present value I :

f = 𝑆0 - I - K𝑒−𝑟𝑇

Expression for the value of a long forward contract on an investment asset that 

provides a known yield at rate q

  f = 𝑆0𝑒−𝑞𝑇 - K𝑒−𝑟𝑇

Note: 𝐹0 = 𝑆0𝑒𝑟𝑇

Therefore, 𝑆0 = 𝐹0𝑒−𝑟𝑇



Have a Read! – A systems Error?
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Question
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A 1-year long forward contract on a non-dividend-paying stock is entered into when the stock 

price is $40 and the risk-free rate of interest is 10% per annum with continuous compounding.

(a) What are the forward price and the initial value of the forward contract?

(b) Six months later, the price of the stock is $45 and the risk-free interest rate is still 10%. 

What are the forward price and the value of the forward contract?



Solution

39



Futures price of Stock Index

40

6

A stock index can usually be regarded as the price of an investment asset that pays dividends. The 

investment asset is the portfolio of stocks underlying the index, and the dividends paid by the 

investment asset are the dividends that would be received by the holder of this portfolio. 

It is usually assumed that the dividends provide a known yield rather than a known cash income. 

If q is the dividend yield rate, the futures price 𝐹0 is as:

𝐹0 = 𝑆0 𝑒 𝑟−𝑞 𝑇



Questions
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1. The risk-free rate of interest is 7% per annum with continuous compounding, and the dividend 
yield on a stock index is 3.2% per annum. The current value of the index is 150. What is the 6-
month futures price?

2. Suppose that the risk-free interest rate is 10% per annum with continuous compounding and 
that the dividend yield on a stock index is 4% per annum. The index is standing at 400, and the 
futures price for a contract deliverable in four months is 405. What arbitrage opportunities does 
this create?



Solution
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1.



Solution

43

2.



Futures and Forwards on Currencies
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Currency futures are contracts for currencies that specify the price of exchanging one currency for 

another at a future date.

7

The rate for currency futures contracts is derived from spot rates of the currency pair.



Use of Currency Futures
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7.1

• Currency futures are used to hedge the risk of receiving payments in a foreign currency. Currency futures 

may be contrasted with non-standardized currency forwards, which trade OTC.

• Also many participants are speculators who close out their positions before futures expire. They do not 

end up delivering the physical currency. Rather, they make or lose money based on the price change in 

the futures contracts themselves.



Pricing Currency Futures
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7.2

The underlying asset is one unit of the foreign currency.

We define the variable 𝑆0 as the current spot price of one unit of the foreign currency and 𝐹0 as the forward 

or futures price of one unit of the foreign currency.

A foreign currency has the property that the holder of the currency can earn interest at the risk-free interest 

rate prevailing in the foreign country. We define 𝑟𝑓 as the value of the foreign risk-free interest rate when 

money is invested for time T. The variable r is the risk-free rate when money is invested for this period of 

time.

The relationship between 𝐹0 and 𝑆0 is;

𝐹0 = 𝑆0 𝑒 𝑟−𝑟𝑓 𝑇

This is the well-known interest rate parity relationship. 



Questions
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The 2-month interest rates in Switzerland and the United States are, respectively, 2% and 5% 
per annum with continuous compounding. The spot price of the Swiss franc is $0.8000. The 
futures price for a contract deliverable in 2 months is $0.8100. What arbitrage opportunities 
does this create?



Solution
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Futures on Commodities

49

Commodity futures contract is an agreement to buy or sell a predetermined amount of a commodity at a 

specific price on a specific date in the future.

8

Commodity Futures Trading



Pricing Commodity Futures
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8.1.A  Commodities that are Investment assets

8.1

How will you incorporate storage costs of commodities into pricing?

First, we look at the futures prices of commodities that are investment assets such as gold and silver.

The forward price (no income or storage costs) is given by:

𝐹0 = 𝑆0 𝑒𝑟𝑇



Pricing Commodity Futures
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8.1.B  Income and Storage Costs

8.1

Gold and silver can therefore provide income to the holder. Like other commodities they also have storage 

costs. 

Storage costs can be treated as negative income. If U is the present value of all the storage costs, net of 

income, during the life of a forward contract, then forward price is given by:

𝐹0 = (𝑆0 + U)𝑒𝑟𝑇

If the storage costs (net of income) incurred at any time are proportional to the price of the commodity, 

they can be treated as negative yield, denoted by u. Thus:

𝐹0 = 𝑆0 𝑒(𝑟+𝑢)𝑇



Question
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Consider a 1-year futures contract on an investment asset that provides no income. It costs $2 per unit to 

store the asset, with the payment being made at the end of the year. Assume that the spot price is $450 per 

unit and the risk-free rate is 7% per annum for all maturities.

Calculate the futures price.



Solution
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This corresponds to r =  0:07, S0 = 450, T = 1, and

The futures price is given by:



Pricing Commodity Futures
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8.1.C  Consumption Commodities

8.1

Commodities that are consumption assets rather than investment assets usually provide no income, but 

can be subject to significant storage costs. However they do have some convenience yields.

Users of a consumption commodity may feel that ownership of the physical commodity provides benefits 

that are not obtained by holders of futures contracts. The benefits from holding the physical asset are 

sometimes referred to as the convenience yield provided by the commodity.

If the amount of storage costs is known and has a present value U, the convenience yield is y, then;

𝐹0𝑒𝑦𝑇 = (𝑆0+U) 𝑒𝑟𝑇

If the storage costs per unit are a constant proportion, u, of the spot price, then y is defined so that 

𝐹0𝑒𝑦𝑇 = 𝑆0 𝑒(𝑟+𝑢)𝑇 



Question
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The spot price of silver is $15 per ounce. The storage costs are $0.24 per ounce per year

payable quarterly in advance. Assuming that interest rates are 10% per annum for all

maturities, calculate the futures price of silver for delivery in 9 months.



Solution
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Are Forward and Futures prices equal?
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9

What do you think about forward and futures prices being equal or not?



Are Forward and Futures prices equal?
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9

• When the short-term risk-free interest rate is constant, the forward price for a contract with a 

certain delivery date is in theory the same as the futures price for a contract with that delivery date.

• The theoretical differences between forward and futures prices for contracts that last only a few 

months are in most circumstances sufficiently small to be ignored. In practice, there are a number of 

factors not reflected in theoretical models that may cause forward and futures prices to be different. 

These include taxes, transactions costs, and the treatment of margins.

• Despite all these, for most purposes it is reasonable to assume that forward and futures prices are 

the same.



Quick Recap
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• An investment asset is an asset that is held for investment purposes by significant numbers of investors.

• A consumption asset is an asset that is held primarily for consumption. It is not usually held for 

investment.

• Short selling involves selling an asset that is not owned.



Quick Recap
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• We use the following notations - T: Time until delivery, 𝑆0: Current price of the asset, 𝐹0: 

Current price of the forward, r: risk-free rate.

• Forward price of an investment asset with no income is given as 𝐹0 = 𝑆0 x 𝑒𝑟𝑇 .

• Forward price of an investment asset with known income is given as 𝐹0 = (𝑆0 - I) x 𝑒𝑟𝑇 .

• Forward price of an investment asset with known yield is given as 𝐹0 = 𝑆0 x 𝑒(𝑟−𝑞)𝑇.



Quick Recap
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Summary of results for a contract with time to maturity T on an investment asset with price 𝑆0 

when the risk-free interest rate for a T-year period is r. 



Quick Recap
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• A stock index can usually be regarded as the price of an investment asset that pays 

dividends and it can be priced as 𝐹0 = 𝑆0 𝑒 𝑟−𝑞 𝑇.

• Currency futures are contracts for currencies that specify the price of exchanging one 

currency for another at a future date.

• When the underlying asset is one unit of the foreign currency, the futures is priced as 

𝐹0 = 𝑆0 𝑒 𝑟−𝑟𝑓 𝑇 



Quick Recap
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• Commodity futures contract is an agreement to buy or sell a predetermined amount of 

a commodity at a specific price on a specific date in the future.

• For most purposes it is reasonable to assume that forward and futures prices are the same.

Asset Price

Commodities that are investment asset 𝐹0 = 𝑆0 𝑒𝑟𝑇

Commodity with net storage and income 𝐹0 = (𝑆0 + U)𝑒𝑟𝑇

𝐹0 = 𝑆0 𝑒(𝑟+𝑢)𝑇

Consumption commodity with storage costs and 

convenience yield
𝐹0𝑒𝑦𝑇 = (𝑆0+U) 𝑒𝑟𝑇

𝐹0𝑒𝑦𝑇 = 𝑆0 𝑒(𝑟+𝑢)𝑇 
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