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Sums And
Products

SUMS

* Many statistical formulas involve repetitive summing operations.
Consequently, we need a general notation for expressing such

operations.

*  We show how to write sums of numbers using the )

(sigma) notation as an abbreviation.
N

* They have the following general form Z T;

i=1

In the above expression, x are the numbers that are to be summed
up, i is the summation index, 1is the start value, N is the stop value.

The upper limit
of summation

\1 This re presents

10 each addend.
the Greek /
lettersigma ~————— QN ¢

)
. / \ the lower limit
the index of of summation

summation




Exampl
e

Question: Suppose our list has just 5 numbers, and they are 1,3,2,5,6.

»

Evaluate E :"'x

() |

. . . . . . . 2
Solution: In this case, we begin by setting i equal to 1, and evaluating x,

Since x, = 1, our first evaluation produces a value of 1. Next, we set i equal to 2, and evaluate x,? obtaining 9,
which we add to the previous result of 1. We continue in this manner, obtaining [1* +3% + 22 + 52 +62 ] = 75

The order of operations is as important in summation expressions as in other mathematical
notation.

In the following example, we compute the square of the sum of the numbers in our list.



Questions

Write the following using ) notation:

D3+3+3+........ +3=3n
)13 +23+33+...... + (n-1)3

iii)2+5+10 + ....... + 226

22 42 82
v) -4+9-14+ 000+ 99




Solution
i) iS =3n
i=1
n—1
i) z,'3
i=1
15 .
i) Y (k% +1)
k=1

iv) i l’i
~2

=1~

20
v > (D 5k -1)

k=1



1.1

Swapping the order of
summation

When we have summation over two variables, we are able to swap the order of the summation. This may
make the actual summation easier.

I8 X
Suppose we have: Z Z TR

x=1y=1

Then x takes the values between 1and 10 inclusive, ie 1 £ x 10 . However, y takes the values between 1and x .
So inserting that in the correct position of the inequality, we would have 1S y < x<10.

By swapping the order, we mean that instead of x summing between the extreme numbers we will let y
take these values. Then by the position of x in the inequality it will be between y and 10.

Hence z Z Z z

x=1y=1 y=lx=y

We have swapped the order of summation.



1.2

Produc
t

In the earlier course as we studied an abbreviation for summing numbers, now we study abbreviations to

calculate product of a series of numbers.

*  We show how to write products of numbers using the [] (pi) notation as an abbreviation.

* It has the general form like;

N < Ending Number

Product or Pi E> . |
Notation f (l) <1 Function

i o 1<= Starting Number



1.2

Exampl
e

Question: Suppose our list has the following numbers 1,2,3,4,5,6. Find the product of the squares of these
numbers.

Solution: Writing this using the product notation,
6

Hi ‘. (D(DO)A6)(25)(36)
=1
I = 518400



1.2

Questio
n

Write the following series using [] notation

i) 3X5X7 X ........ x (2n +1)

i) exe?xedx ... xe?3

o 1 | | |

i) T e S S
4o 9o° 160 256a

10



Solutions

n

(1) I]@i+D»

=1

a [

15 1
ainp JJ

11



2

Arithmetic Progression (
A.P.)

In mathematics, an arithmetic progression (AP) is a sequence of numbers such that the difference between
the consecutive terms is constant. Difference here means the second minus the first. For instance, the
sequence 5,7, 9,11,13,15, . . . is an arithmetic progression with common difference of 2.

Nth term of A.P: Since the numbers go up by the same amount each time we can use this to determine
future terms. In general using a to stand for the first term and d for the common difference then the nth

termis =a + (n -1)d.
Sum of A.P: We can find the sum of the n terms of an arithmetic progression using the formula:

S, =+n[2a+(n—1)d]

12



2.1 A

Properties of an

P.

If a constant number is added or subtracted from each term of an A.P, then the resulting term in the
sequence are also in A.P with the same common difference.

If each term in an A.P is divided or multiply with a constant non-zero number, then the resulting
sequence is also in an A.P

Three number x,yand zareinan AP if2y =x +z
A sequence is an A.P if its n'" term is a linear expression.
If we select terms in the regular interval from an AP, these selected terms will also be in AP.

If the difference between all the consecutive terms of a sequence is the same, then the sequence is an
A.P.

13



2.1

Example
S

1) Isthe row 1,11,21,31... an arithmetic progression?

Solution:

Yes, it is an arithmetic progression. Its first term is 1 and the common difference is 10.

2) Find the sum of the first 10 numbers of this arithmetic series: 1, 11, 21, 31...
Solution:
we can use this formula
S ='/,(2a,+ d(n-1)n
S =/,(2x1 +10(10-1))10
= 5(2 +90)

=5.92

A o
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Example
S

3) Aclock strikes the number of times of the hour. How many strikes does it make in one day?

2.1

Solution:
For the first 12 hours of the day, the clock will strike 1+ 2+ 3+ ...+ 12 times
=12(1+12)/2 = 78 times

For the next 12 hours, there will be another 78 times, so in one day, the clock will strike 156 times.

15



2.1

Questio
n

A piece of equipment cost a certain factory 600000. If it depreciates in value 15% the first year, 13.5 % the
next year, 12% the third year, and so on, what will be its value at the end of 10 years, all percentages

applying to the original cost?

16



Solutio
n

Let the cost of an equipment be Rs. 100.

Now the percentages of depreciation at the end of 1st, 2nd, 3rd years are 15, 13.5, 12,
which are in A.P., witha=15and d = - 1.5.

Hence, percentage of depreciation in the tenth year = a + (10-1) d
=15+9(-1.5) =15

Also total value depreciated in 10 years =15 +13.5+12 + ... + 1.5 =82.5
Hence, the value of equipment at the end of 10 years=100 - 82.5 = 17.5.

The total cost being Rs. 6,00,000/100 *17.5 = Rs. 1,05,000.
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3

Geometric Progression (
G.P.)

A Geometric Progression (GP) is formed by multiplying a starting number (a,) by a number r, called the
common ratio.

Eg The progression 5,10,20,40,80,160, has first term a1=5, and common ratio r=2.

In this example, we started with 5 and multiplied by 2 each time to get the next number in the progression.

L2486, 16, 3264, 128, 256, ...

This sequence has a factor of 2 between each number.

| >
0 12 3 &' 5 '6 7 8 9°1011 12 13141516

- -~ e — -~
Xz X2 x2 X

-~
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Notation
S

The first term Is

3.1

a;

The second term is obtained by multiplying the first by »
ayr

The third term is obtained by multiplying the second by r
a,r-

The fourth term is obtained by multiplying the third by r

We continue this pattern and can see that in general, the n-th term is

-1
a,r

19



3.2 Formulae

* The n-th term of a geometric progression is given by:

- n—1
a, = a7

e The sum to n terms of a GP means:

2 3 n-1
| | ; - |
a; +ar+ar°+ar°+ ...+ aqr

This can be solved using the formulae;

al(l — ~r”)
1—1r

(r #1)

n —_

20



3.2 Example 1

Questions: Find the 50" term of the geometric progression 5, 10, 20, 40, 80, ...

Solution:
Since a; = 5, r = 2, and using

we have:
— (5)(250-1
Q50 = ( )(- )
= 2.814.749,767,106,560

~ 2.81 x 101°
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3.3

Infinite Geometric
Series

In the last section we studied geometric progression in the finite space. Now let's
have a lock at the infinite geometric progression

An infinite geometric series is the sum of an infinite geometric sequence . This series
would have no last term.

The general form of the infinite geometric series is al-alr+alr?+alr ' +.. .. :
where al is the first term and r is the common ratio.

3 )

EG. 5
r 167 647 2m/EL

s e

This is an infinite geometric series.
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Sum of an infinite
G P.

We can find the sum of all finite geometric series.

But in the case of an infinite geometric series when the common ratio is greater than one, the terms in the
sequence will get larger and larger and if you add the larger numbers, you won't get a final answer. The
only possible answer would be infinity. So, we don't deal with the common ratio greater than one for an

infinite geometric series.

If the common ratio r lies between —-1-1to 11, we can have the sum of an infinite geometric series. That
is, the sum exits for | r [<1] r [<1.

The sum S of an infinite geometric series with -1<r<1-1<r<1is given by the

formula,

An infinite series that has a sum is called a convergent series and the sum Sn is called the partial sum of the
series.

23



Exampl
e

Question: work out the following sum

=)

3.4

Solution:
1\" 1\ 1 1y 2 133 1\ .
o0 - Y i + 1 (L
ey (3) (3) — (3) — 3) +..+ (3) + .. expand the given sum
2. G AETT 3
1 1
a = .
= e solve for r usingr = ==
ay - 3 a4
3
%‘ g 1 1 a,
S0 = —7 substitutea; = -andr = - t0 S =—
1_§ 3 3 =
22 1
=3 subtract — from 1
= 3
1 1 2
Soo =— divide — —
w5 25
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