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• We know that many insurance policies provide a benefit on the death of the policyholder. 

• When an insurance company issues such a policy, the policyholder’s date of death is unknown, so the 
insurer does not know exactly when the death benefit will be payable. 

• In order to estimate the time at which a death benefit is payable, the insurer needs a model of human 
mortality, from which probabilities of death at particular ages can be calculated, and this is the topic of 
this chapter.

Why do we need Survival models and Probability functions?
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If we wanted to express the probability that someone aged 40 will die between ages 75 and 85, how 
do we express this in terms of:

a. Distribution function
b. Survival function
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2.1  Survival Probability



Probabilitie
s

17

2

2.2  Mortality Probability
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2.4

Consider the expected future lifetime of (x), E[𝑇𝑥], denoted in actuarial notation by 𝑒𝑥
° . We also call this the 

complete expectation of life.

E[𝑇𝑥] = 0׬
∞
𝑡. 𝑡𝑝𝑥 𝜇𝑥+𝑡 𝑑𝑡

To derive the expectation we will be use the result that,

𝑡𝑝𝑥 𝜇𝑥+𝑡 = 𝑓𝑥(𝑡) = 
𝑑

𝑑𝑡
𝑡𝑞𝑥 = 

𝑑

𝑑𝑡
(1 − 𝑡𝑝𝑥) = -

𝑑

𝑑𝑡
𝑡𝑝𝑥

Therefore, 

E[𝑇𝑥] = 0׬
∞
𝑡. −

𝑑

𝑑𝑡
𝑡𝑝𝑥 𝑑𝑡

Using integration by parts, we have

E[𝑇𝑥] = 0׬
∞
𝑡. 𝑡𝑝𝑥 𝜇𝑥+𝑡 𝑑𝑡 = [𝑡 −𝑡𝑝𝑥 ]0

∞− 𝑡=0׬
∞

1 𝑥 −𝑡𝑝𝑥 𝑑𝑡 0׬ =
∞
𝑡𝑝𝑥 𝑑𝑡 = 𝑒𝑥

°
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A life table (also called a mortality table or actuarial table) is a table which shows, for each age, what the 
probability is that a person of that age will die before their next birthday ("probability of death"). 
In other words, it represents the survivorship of people from a certain population.

3

From the starting point, a number of statistics can be derived and thus also included in the table is:
• the probability of surviving any particular year of age
• the remaining life expectancy for people at different ages etc.

For the actuary working in the life insurance field, a major objective is to estimate the mortality pattern which will 
be exhibited by a group of individuals. A basic device for accomplishing this is known as a life table
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3.1

Probabilities in terms of Life table Functions
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You are given:
(i) The probability that a person age 50 is alive at age 55 is 0.9.
(ii) The probability that a person age 55 is not alive at age 60 is 0.15.
(iii) The probability that a person age 50 is alive at age 65 is 0.54.

Calculate the probability that a person age 55 dies between ages 60 and 65.
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4.1

The first method is based on the assumption that, for integer x and 0 ≤ t ≤ 1, the function tpxμx+t is a 

constant.

Since this is the density (PDF) of the time to death from age x , it is seen that this assumption is equivalent 

to a uniform distribution of the time to death, conditional on death falling between these two ages. 

Hence it is called the Uniform Distribution of Deaths (or UDD) assumption.



Uniform Distribution of Deaths
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4.1

Under UDD, it means that the number of lives at age x+t, 0 ≤ t ≤ 1,  is a weighted average of the number 

of lives at age x and the number of lives at age x + 1.
𝐥𝐱+𝐭 = (1-t) 𝐥𝐱 + t. 𝐥𝐱+𝟏

Thus,
tqx = 1 - tpx

= 1 -
lx+t

lx

= 1 –
(1−t) 𝐥𝐱 + t. 𝐥𝐱+𝟏

lx

= 
t 𝐥𝐱 − t. 𝐥𝐱+𝟏

𝐥𝐱

= t ( 1 – t𝒑𝐱)

= t. 𝐪𝐱

Age is an integer & Duration is non-integer (0 ≤ t ≤ 1)
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4.1

Age & Duration both are non-integer (0 ≤ s < t ≤ 1)

When age and duration both are non-integer, then under UDD we have

t-sqx+𝑠 = 
(𝑡−𝑠)𝑞𝑥

1 −𝑠𝑞𝑥

Derive the result

t-sqx+𝑠 = 
(𝑡−𝑠)𝑞𝑥

1 −𝑠𝑞𝑥

Hint: Use the principle of consistency

tpx = spx x t-spx+𝑠
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CT5 September 2017 Q3

Calculate 2.25 q 85.5 using the method of Uniform Distribution of Deaths.

Basis Table: ELT15 (Males)
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Constant Force of Mortality 
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4.2

The second method of approximation is based on the assumption of a constant force of mortality. 

That is, for integer x and 0 ≤ t < 1, we suppose that: 𝜇𝑥+𝑡 = μ → (a constant)

Then for 0 ≤ s < t < 1 the formula:

t-s𝑝𝑥+𝑠 =  exp 𝑠׬-}
𝑡
𝜇𝑥+𝑟 𝑑r}  = 𝑒−(𝑡−𝑠)𝜇

can be used to find the required probabilities. We do this by first noting that, under this assumption,

𝑝𝑥 = 𝑒−𝜇, so we can simply write:
t-s𝑝𝑥+𝑠 = (𝑝𝑥)

(𝑡−𝑠)

where 𝑝𝑥 can be found from the life table. 

Hence we can easily calculate any required probability.
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You are given:

(i) qx = 0.1

(ii) The force of mortality is constant between integral ages

Calculate 1/2qx+1/4
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5

Suppose you selected two 60-year-old men from the population. The first one was selected randomly, 

whereas the second one had recently purchased a life insurance policy. Would the mortality rate for 

both of these, 𝑞60 be the same?
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5

Suppose you selected two 60-year-old men from the population. The first one was selected randomly, 

whereas the second one had recently purchased a life insurance policy. Would the mortality rate for 

both of these, 𝑞60 be the same? 

No. The second person was unde1written for a life insurance policy, which means his medical situation 

was reviewed. He had to satisfy certain guidelines regarding weight, blood pressure, blood lipids, 

family history, existing medical conditions, and possibly even driving record and credit history. The fact 

he was approved for an insurance policy implies that his mortality rate is lower than that of a randomly 

selected 60-year-old male.

This introduces the concept of select mortality!
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A mortality table for the insured population must consider both the age of issue and the duration since 

issue. Mortality rates would require two arguments and need a notation like q(x, t) where x is the issue 

age and t the duration since issue.

International Actuarial Notation provides two-parameter notation for all actuarial functions. The 

parameters are written as subscripts with a bracket around the first parameter and a plus sign between 

the parameters. In other words, the subscript is of the form [x] + t. When t = 0, it is omitted. 

Thus the mortality rate for a 60-year-old who just purchased a life insurance policy would be written as 

𝑞[60]. The mortality rate for a 65-year-old who purchased a policy at age 60 would be written 𝑞 60 +5.

When mortality depends on the initial age as well as duration, it is known as select mortality, 

since the person is selected at that age.
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Working with select mortality is no different from working with non-select mortality (sometimes known as aggregate or 

ultimate mortality), as long as the bracketed parameter is not changed.

Question

You are given:

𝑙[45] = 1000

5𝑞[45] = 0.04

5𝑞 45 +5 = 0.05

Calculate 𝑙 45 +10
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5

5.1  Reading the Table

A select-and-ultimate mortality table is shown in tabular form by listing the issue ages vertically and 

the durations horizontally. If the select period is n years, there are n columns for n durations, followed 

by a column with ultimate mortality. The columns are arranged so that to find the mortality at all 

durations for a specific issue age, you read across the row corresponding to that issue age and when 

you hit the end of the row, you continue from that cell down the last column

Notice that there is no direct way to go from [x] to [x + l]. A person who is selected at age x will be [x] 

in the first year, [x] + 1 in the second year, and so on, until he becomes ultimate at age x + k, and then 

his age will continue to increase and be without brackets. He will never be selected again. He will 

never be [x + l].



Question
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You are given:

(i) Mortality. rates are select and ultimate with a select period of 3 years, and are given in Table.

(ii) 𝑙[40] =10,000,000.

Compute 𝑙[42]
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We must compute 𝑙45 recursively.

Now we work backwards from 𝑙45 to 𝑙[42].
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The following diagram 

summarizes the survival model:
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Important results:

1. Complete Expectation of life

E[𝑇𝑥] = 0׬
∞
𝑡𝑝𝑥 𝑑𝑡 = 𝑒𝑥

°

2. Curtate Expectation of Life

𝐸[𝐾𝑥] = σ𝑘=0
∞ k𝑝𝑥 = 𝑒𝑥

3. 𝑒𝑥
° = 𝑒𝑥 + 1/2

For Fractional ages

1. Under UDD assumption

(a) tqx = t.𝑞𝑥

(b) t-sqx+𝑠 = 
(𝑡−𝑠)𝑞𝑥

1 −𝑠𝑞𝑥

2. Under CFM assumption

t-s𝑝𝑥+𝑠 = (𝑝𝑥)
(𝑡−𝑠)
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CT5 September 2005 Q4

Calculate the value of 1.75 p45.5 on the basis of mortality of AM92 Ultimate and assuming that deaths are 

uniformly distributed between integral ages.

CT5 September 2005 Q5

A population is subject to a constant force of mortality of 0.015.

Calculate:

(a) The probability that a life aged 20 exact will die before age 21.25 exact.

CT5 September 2015 Q1

Calculate:

(a) 25 p40

(b) 10|q[53]
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