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Estimation1
Estimation (or estimating) is the process of finding an estimate, or approximation, which is a value that is usable for 
some purpose even if input data may be incomplete, uncertain, or unstable.

• The value is nonetheless usable because it is derived from the best information available.
• Typically, estimation involves "using the value of a statistic derived from a sample to estimate the value of a 

corresponding population parameter". The sample provides information that can be projected, through various 
formal or informal processes, to determine a range most likely to describe the missing information. 

• An estimate that turns out to be incorrect will be an overestimate if the estimate exceeded the actual result, and 
an underestimate if the estimate fell short of the actual result.



Estimation1

Estimation

Point 
Estimation

use of sample data to 
calculate a single value

Interval 
Estimation

use of sample data to estimate an 
interval of plausible values of a 

parameter of interest
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Method of Moments2

The two-parameter case

• With two unknown parameters, we will require two equations.

• This involves equating the first and second-order moments of the population and the sample, and solving the 
resulting pair of equations.

• Moments about the origin can be used but the solution is the same (and often more easily obtained) using 
moments about the mean – apart from the first-order moment being the mean itself.
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Likelihood vs Probability3
• Probability corresponds to finding the chance of something given a sample distribution of the data, while on the 

other hand, Likelihood refers to finding the best distribution of the data given a particular value of some feature 
or some situation in the data.

  



Maximum Likelihood Estimate(MLE)4
• The method of maximum likelihood is widely regarded as the best general method of finding estimators. In 

particular maximum likelihood estimators have excellent and usually easily determined asymptotic properties 
and so are especially good in the large-sample situation.

• Prerequisites and Assumptions:
• Knowing the underlying distribution.
• Assuming that the sample points are independent and identically distributed.
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Maximum Likelihood Estimate(MLE)4

The two-parameter case

• This is straightforward in principle and the method is the same as the one-parameter case, but the solution of 
the resulting equations may be more awkward, perhaps requiring an iterative or numerical solution.

• The only difference is that a partial derivative is taken with respect to each parameter, before equating each to 
zero and solving the resulting system of simultaneous equations for the parameters.



Maximum Likelihood Estimate(MLE)4
So in summary, the steps for finding the maximum likelihood estimator in straightforward cases are:

• Write down the likelihood function, L.

• Find lnL and simplify the resulting expression.

• Partially differentiate lnL with respect to each parameter to be estimated.

• Set the derivatives equal to zero.

• Solve these equations simultaneously.



A special case – the uniform distribution5
• For populations where the range of the random variable involves the parameter, care must be taken to specify 

when the likelihood is zero and non-zero. Often a plot of the likelihood is helpful.

• We look at this in the next example – note how we specify when the likelihood is zero (ie it does not exist for 
the specified values of the parameter) and non-zero (ie where it does exist for the specified values of the 
parameter).

• The second important feature about this example is that the usual route for finding the maximum using 
differentiation breaks down.
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Incomplete samples6
• The method of maximum likelihood can be applied in situations where the sample is incomplete. For example, 

truncated data or censored data in which observations are known to be greater than a certain value, or multiple 
claims where the number of claims is known to be two or more.

• Censored data arise when you have information about the full range of possible values but it’s not complete (eg 
you only know that there are, say, 6 values greater than 500). Truncated data arise when you actually have no 
information about part of the range of possible values (eg you have no information at all about values greater 
than 500).

• In these situations, as long as the likelihood (the probability of observing the given information) can be written as 
a function of the parameter(s), then the method can be used. Again in such cases the solution may be more 
complex, perhaps requiring numerical methods.
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Independent  samples7
• For independent samples from two populations which share a common parameter, the overall likelihood is the 

product of the two separate likelihoods.
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Consistency11
• The following diagram gives the sampling distributions of two estimators: one is unbiased but has a large 

variance, the other is biased with a much smaller variance. This illustrates a situation in which a biased estimator 
is better than an unbiased one.
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Asymptotic distribution of MLEs12
• CRLB gives a lower bound for the variance of an unbiased estimator of a parameter (which is the same as its 

mean square error). So no unbiased estimator can have a smaller variance than the CRLB.

• This is potentially a very useful result as it provides an approximate distribution for the MLE when the true 
sampling distribution may be unknown or impossible to determine easily, and hence may be used to obtain 
approximate confidence intervals.

• Confidence intervals will be covered going further.

• The result holds under very general conditions with only one major exclusion: it does not apply in cases where 
the range of the distribution involves the parameter, such as the uniform distribution.

• This is due to a discontinuity, so the derivative in the formula doesn’t make sense.
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