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2.

i) Given that X and Y are jid from exponential distribution with mean %.i.e. ~ Exp

Fz(t) =P(Z<t)=1—-P(Min(X,Y) = t)
=1-PX>tand Y >t)=1—-P(X =>1) +* P(Y > y),since X and ¥ are independent

ii) 1

i) Giventhat fyy(x,y) =

(i)

1-{1-PX<)}+{1-P¥ <) =1—{(1—Fx(t)) = (1 - Fy(t))}
1-{1—-(1—-e2)}+{1—-(1—e"2)} [as Fx(t) = Fy(t) = 1 — e™]

1—e™ %

— e~ * js the CDF of an exponential distribution; hence the mean is: i.

=%y +x);0<xy<Ll

1

The marginal pdf of X: h(x) = f:%(xzy + xy)dy = [1—; zej.rz - %x},z)]
0

:E(ix2+%x] r D<x <L

5

(x24+x): 0<x<1

wm o

1
The marginal pdf of ¥ : gfy)= _fﬂll—:'(xzj.-'+ xy) dx=[15—2(§x3}r—|— %xzy)]n
12 (1 1Y)
=?(;}?+ Ey), O<y<l.
=2y ; O0<y<1

Clearly fyy(x,¥) = h(x)g(y). The random variables are statistically independent.
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i) EDX] =J-u112( ¥3 4+ xz)dx— 152( x*t + xz)]i_n

5

=2+ ) =07

5 ]

M =2+ ) ay= [+ 2]

= Z(z+ 1) =067.

&

Flxey)dx =J-1%{13}'+ 2y elx

—_ 1 = 1
(iv) Weknow that E(X/Y) =[x f(x|y)dx = x o Jo 2y

= (6/5)f; 0 + x) e =(6/5) [ (224 + 2)]

2] 7 7
S 3 ——
5 12 10

7

EEX/Y)) = [y (5) Fdx =, () f(x)dx

10

_J. ( )12 1(1_ + x))dx

1
7 12 1 1 7 12
=_x_[( 1'3+—1.’2)] =_><_><_ 0.7= E[X}
10 10 L\3 2 =g 10 1D

12¢..4 3
E(X/Y) = [1 2 fxly)dx = [} x2 00 (1 E2 ) )

= {E}S}_fﬂ (x*+ x*) dx
o) (25 ¢ )] e o2

y=p 5 20 100

V(X/Y) = EX?/Y) — (E(X/YV))? == — (—)2 =

100

[If the candidate has answered using E|X /Y] = E[X]|and V[X/Y]| = V[X]
on computation of E[X*]and V[X|full credit is to be given
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i)

By definition, the moment generating function of Gamma(a, 1):

" Xy — (= tx A% _a-1,-2
My(t) = E (e™) = |, (e"r(a) x% e ")dx

= r);) fo°°( x®~1e=(-0%) gy

. o f(A-t)" o-1 —(A-t)x
Mx(t) = G5z ko ( ra) ~© € )d"

The integrand is pdf of Gamma (a, A - t) and the value of integral is 1.

A a
Therefore, My(t) = (E) , provided t < A.

Dividing the numerator and denominator by A gives:

My(t) = (-H)a (2 —{)ha t<A

The cumulant generating function is:
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Cy(t) = log My(t) = —alog (1 —i)

Skew(X)

ii) The coefficient of skewness = ———=
Var(X)*

We know that Var(X) = Cy(0) and Skew(X) = Cy(0)
. v, 1
Gw=3(1-3)

r

MOES (1 —1)_2 = Var(X) = 4(0) = =

o -3 -
Cy(t) = i—f (1 — :T) => Skew(X)= Cy(0) = i_j“
.. za.-"' 3 2a 2

Hence, the coefficient of skewness =—ﬂ—(a ]1_5 =====
/a2 A
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The moment generating function of X, = My, (¢,) = E(e"*)
= My(t,,0) =§ (14 e(t2¥2x0) 4 o(20:+0)y

= (1+e' +e2))

The expected value of X, is obtained bytaking first derivative of its MGF and evaluating

at t,=0.

Thus,

Similarly using the mgf of X, ,E(X,) is shown to be 1
E(X,X,)is computed by taking the second cross-partial derivative of joint moment generating

function evaluated at (ty,t;) = (0,0) :

&My, o (t1.82) _ 8

E(Xy) = My, (0)=(1+e° +e%) =1

(%[1 + exp(f) + 213 ) + exp(2t) + I:J]))

&t161t2 &t \ 6z

&
3]

(LR2exp(es + 22) + exp2es + 2)7)

= %[Eexp{.rl + 2t2) + 2exp(28) + £2)]

Thus, E(X,X;) = =
Cov(X,X;) = E(X,X;) — E(X)DE(X,) = —1x 1
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6.
i) The marginal pdf of Y:

2y 0<y<1
g otherwise.

L fO) = [V 2dx ={

i) The conditional pdf of X given Y: f(x/y) is

2
. _fxy) _ |J—;0<x<y; 0<y<1
s N {Zy 0 otherwise.

ili) The conditional mean: E(X/Y =2) = f(;vx dx = %, 0<y<l1

1
¥

= 025 when y=-

1. = =
2

™

iv) The conditional variance: V(X/ Y =y) = E(X?/Y = y) — (E(X/Y = 2))?
2
a. E(Xz/Yzy)zfoyxZ%dxzy? 0<y<1
1. = 1—12 = 0.083 wheny =
T P o | I
Hence, V(X/ Y =2)==— (3)*= — = 0.0208.

N.lv-

7.

The mean and vanance of the Pareto distribution are given by:

ah? o 3(4)2 -
(a—1)2(a—2) (3-1)2(3-2) 12

Var |X] =

From page 16 of the Tables Var (Y) = Var |[E (Y |X)] + E [Var (Y | X)]-

Var (Y) = Var [2X + 5] + E [X? + 3]
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Var (Y) = 4 Var [X] + E [X?] + 3

We know that E [X*] = Var[X]+ (E[X]D* =12+ 22 =16

Var (Y) = 4 (12) + 16 + 3 = 67

Hence, the standard deviations is

8.

(i) The Joint density of (X, ¥):

We know that f(y/x) = %

Hence, f{x,y)= f(yx)f(x)

(8x)

L

V67 = 8.1854

, 1
Thus,ff’x,].r}={ 8 :fl]-r.:x::;and. 0<y<x

(ii) The marginal density of ¥:

Otherwise.

fty)=] fCe,y)dx = [°8dx = 4(1—2y) for O<y<=.

(iii) The Mean and Variance of X and Y:

=

EM)=[,"(»4(1-2y)dy =

5%

V(Y) = E(Y*)-(E(Y))™

E(Y?)=[7°y? 4(1 - 2y) dy ==-

0

(92

-] 7z

(=]

|

3

1
8

24
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9.

()
Given that the mean of the binomial distribution 1s (np) =12 and n=20.
Hence p=0.6 .That 1s the distribution i1s binomial (20, 0.6)
The PGF of binomial distribution 1s given by
Gx(t) =E (t¥)= 32, t*P (X=x)

= Y20, () (0.6)* (1 —0.6)*~¥

=¥2%, (¥) (0.6 t)* (1 —0.6)¢0~®
=(0.6t + (1—10.6))*°
=(04 + 0.61)*°
For MGF, replace t by e in the above expression
My(t) = (0.4 + 0.6e9)*°

10.
V(Y)=E[V(YX) ]+ V [E (YX)]
=E(X+1)+V(2X+3)
=E(X)+1+4 V(X)
=5+1+4(5)
=26
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