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i) Given that X and ¥ are jid from exponential distribution with mean %.i.e. ~ EXp
Fzit) =P(Z<t)=1—-P(Min(X,Y) > 1)
=1-PX>tandY >t)=1—P(X =1t) = P(Y = y),since X and Y are independent
=1-{1-PX<t)}+{1-P¥ <)) =1—{(1—Fx(®)) (1 —Fy(®))}
=1-{1-(1—-e2)}+{1-(1-—e"2)} [as Fx(t) = Fy(t) = 1 —e™]
=1—e%

ii) 1 — e~* is the CDF of an exponential distribution; hence the mean is: Ti'

i) Given that fy y(x,y) = %(1’2}' + xy);0<x,vy<l

112 1

The marginal pdf of X : h(x) = | ?(xzy-l— xy)dy = [1—: exz}.z + %x}vz)]n
=21,z 1,Y.
= 5(2x + zx)  0=<x<1.

(x*+x): D<x<1

[ =

1
The marginal pdf of ¥ : g(y)= _fu“—:{xzy + xy) -:l:ac=[15—2 Gx3}'+ %xzy)]

1]

=15—2(§}?+ %}-’); O<y<1.

=2y ; O0<y<1

(ii) Clearly fyy(x,¥) = h(x)g(y). The random variables are statistically independent.
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i) EDX _[0112( X3+ xz)dx— 152( x4+ 1y )]i=u

5 6

= E(i+ i) = 0.7

B [

5

M L2+ )y =[2G+ b))

¥=

= Z(3+2) = 067.

12y 3 2
(iv) We know that E(X/Y) = [ x f(x|y)dx = j;x”;f’;;i" [ = i;” Y) i

1

= (6/5)], (x* + x?) dx =(6/5) [( x*+ 2x )]

x=0
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EEX/Y) = J, (5) fodx =] (5) fx)dx
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5 1 o fley)dx 1 odxty+ x%y)
E(X f}'}__,l' x? f(x|y)dx = f = -fﬂ = dx

= (6/5)f, (x* + x%) dx
<6/9) (27 + )]

x=0
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VX/Y)=EX?/Y)— (E(X/Y))* =—— (—]Iz =

[If the candidate has answered using E|X /Y] = E[X]and V[X/Y] = V[X]
on computation of E[X*|and V|X|full credit is to be given
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i) By definition, the moment generating function of Gamma(a, 4):

_ T AT -1, -1x
My(t) = E (e™) = _fﬂ (e“ o x® g )dx

AT e -1 . —{d-
— rm}jﬂ (Ia IE (A t}x) dx

_ AT A g -(A-Dx
My(8) = 520, ( ra) ~ ¢ )dx

The integrand is pdf of Gamma (a, A - t) and the value of integral is 1.

A i
Therefore, My(t) = (E) , provided t < A.

Dividing the numerator and denominator by A gives:

M, (t) = (—if)a = (1-4" t<A

1=

The cumulant generating function is:

Cx(t) = log My(t) = —u log (1 —i)

Skew(X)

i) The coefficient of skewness = —
Var{X)}*+

We know that Var(X) = Cy(0) and Skew(X) = Cy (0)
K i t -1
G =3(1-3)

t

i & -2 " i
o) = = (1 _1) = Var(X)= z(0) = &

v =3 -
Cy(t) = i—f (1 - :-1) => Skew(X)= Cy(0) = i__f
- Za.-"' 3 2a 2
Hence, the coefficient of skewness = —3—& }1_5 =—===
Az
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The moment generating function of X; = My (t,) = E(e'1%)

=2 (1+eh +e?)

The expected value of X, is obtained bytaking first derivative of its MGF and evaluating

at t,=0.
Thus, E(X,) = My, (0)=(1+e°+e?) =1

Similarly using the mgf of X, ,E(X;) is shown to be 1

E(X,X,)is computed by taking the second cross-partial derivative of joint moment generating

function evaluated at (t,,t;) = (0,0) :

EE.?‘{]{] X (t1.£2)
at18¢

-6 {1p Yer )
7 (3 [2exp(z) + 272) + exp(2ry + r-)])

= %[Etip{ll + 282 )+ 2exp(21y + £2)]

Thus, E(X,X;) = g
Cov(X,X,) = E(X.X,) — E(X,)E(X,) = ;-‘— 1x1=

P&S1-UNIT3 & 4
ASSIGNMENT SOLUTIONS

= Eih(;T(%[l + exp(t; + 2!:}1’ exp{lrl + Igj]))

= 0.33



6.
i) The marginal pdf of ¥:

_ oy ~(2y 0<y<l1
L AO) = fu 2dx = [[}, otherwise.

ii) The conditional pdf of X given ¥: f(x/y) is

f{xy}_{;—yjﬂﬂix{y;ﬂﬂi}’{l

i f(x/y)= ALY 0 otherwise.

ili) The conditional mean: E(X/Y =2)= _f:x %dx = %, D<y<1
1
2

1. ==-=025 when y=

Lol

iv) The conditional variance: V(X/ Y =v) = E(X%/Y = ¥) — (E(X/Y = 2))?
2
a. E(Xzf}’:yj:f:xzidx:y? 0<y<1
1. =—=0.083 wheny =~
12 2

_L_1_ Lo 1 _
Hence, V(X/ Y =2)==— (3)%= = = 0.0208.

7.

The mean and variance of the Pareto distribution are given by:

L2 5
Var [X] = —= W - 12

f— 112 (n— 2) = (3-1)%2(3—-2)

From page 16 of the Tables Var (Y) = Var [E (Y |X)] + E [Var (Y | X)]:

Var (Y) = Var [2X + 5] + E[X2+ 3]
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Var (Y) = 4Var |X]+ E|X?%)+ 3

We know that E [X?] = Var[X]+ (E[X])* =12+ 22 =16
Var (Y) =4 (12) + 16 + 3 = 67

Hence, the standard deviations is /67 = 8.1854

(i) The Joint density of (X, ¥):
We know that f(y/x) = [x )

flx)
Hence, f{x,y)= flv|x)f(x)

== (8x)

, 1
Thus,ﬂ’x,y}:{ 8 Ifﬂ-::x{:;and D<y<x
0

Otherwise.

(ii) The marginal density of ¥:

fty)=] fx,y)dx = []°8 dx = 4(1— 2y) for O<y<=

(iii) The Mean and Variance of X and ¥:

1

-

EX)=[ ()4 (1-2y)dy -

5}

3
V(Y) = E(Y?)-(E(Y))2
E(Y?)=[°y? 4(1 - 2y) dy ==-= ==

k(2

[ 72
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9.

(i)
Griven that the mean of the binomial distribution 1s (np) =12 and n=20.
Hence p=0.6 .That is the distribution 1s binomial (20, 0.6)
The PGF of binomial distribution is given by
Gy(t) =E( x} FIOP (X=x)
2ot (30) (0.6)* (1 - 0.6)20-0
ggﬂ (%) (0.6 )* (1 —0.6)=0-®
=(0.6t + (1—-10.6))*°
=(0.4 + 0.61)*°
For MGF, replace t by e® in the above expression
My(t) = (0.4 + 0.6e")*°
10.

V(Y)=E[V (YX) ]+ V[E (YX)]
—E(X+1)+V(2X +3)
—E(X)+1+4V(X)
=5+ 1+4(5)

- 26

11. 1) Option C
) M) = B(e) = [ e ey
=Jam e e gy
= ei\a s e—x{l—l) "{'O\-'t)lax
=M(h-t) € , Provided t<A
=(l-tf?u)'] ear
iii) M(t) =(l-tf?\.)'] el
M’x(t) =(1-t/A)" e a+ (1-/A)2 1/ e
E(x) = M’x(0)=a+1/x

iv) Option B
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12.

i) The marginal density is
fly) =3, e e P dx=3e"% [ e *dx =3¢

i) The conditional probability P(Y <y | Y> 4) is Fy(y)

P(Y<y|Y> 4)=P(YsyJY>4] _Pla<y=y) P(4<ysy) _FY(y)-FY(4)

P(Y>4)  P(Y>4)  P(Y>4)  P(Y>4)
Therefore

fyy) _3e ¥
P(Y>4) e 12

fly | Y>4) = =3e1273Y y>4

iii) The correct option is (C)
The conditional expectation is given as

ELY | Y>4] = [[" yf(y | Y > 4)dy = [,” 3ye'2=3¥dy
By taking t = y-4,

E[Y | v>4] = [ 3(t+ 4)e~3tdt = [ " 3te~3tdt + ["12e~3tdt
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