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i) k" moment = E[X¥]

ii) k" moment about &. = E[(X — a)*]

iii) k" central moment = E[(X — u)*] where u is the mean

= _ k |
iv) Coefficient of skewness = E[f"";f-“f‘l where o is the std. deviation

i) P|Withdrawal| = P[Withdrawal | Agency|. P|Agency| +
P|Withdrawal | Bank]. P[Bank] + P[Surrender | Online]. P|Online]
=005 (222 +0.08 (Z2) +0.14 (22) =0.101

10000 10000 10000

ii) P[Withdrawal N Agency| = P[Withdrawal | Agency|. P|[Agency| = 0.05 = 0.20 = 0.01
P[Withdrawal N Bank] = P[Withdrawal | Bank]. P[Bank] = 0.08 = 0.35 = 0.028
P[Withdrawal N Not online|] = 0.01 +0.028 = 0.038

P|Withdrawal | Not Online] = P[Withdrawal N Not Online] / P[Not Online]
0.038

= = 0.0691

1-045

iii) P[Bank | Withdrawal] = 2lWithdrawal() Bank] _ 0280 _ ) 579

PlWithdrawal] T pao01
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3.

i) Ordering the marks given, stem and leaf diagram is:

7,9
1,1,2,2,6,6,7,7,7,7
0,0123,3,3,4,6

&

3

]

(s I R R

The stems are 10s and leaves are units.

th
i) Median: Gn + %) value =12.5" value =(27+30)/2 =28.5.

Mode: 27. (27 appears the maximum number of times-four times)

ili) Interquartile Range (IQR) = Q5_-0Q,
Now @, = ni‘i th value counting from below = 6.5™ value

= (22+26)/2 =24
Q, = HT” th walue counting from above =33
Hence, IQR = (5_(Q, =33-24=9
[Alternatively,

Q, = HT“ th value counting from below = 6.25th value =23 and

1 .
Q= % th value counting from above= 33

Hence IQR = 33-23=10]
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The binomial distribution (n, p) has probability function.

P(X=x)=x p (1 —p)" ™0 ; x=0,1,2,...; O<p<l.

x}'xl

n!

e PUTY =) x=1,2,3,.. j0<p<1

and P(X=x-1)=

P(X=x) n-x+1 p
MNow, = —_—
P(X=x- 1} x 1-p
n—x+1

Therefore, P(X =x) = %Pf){:x- 1); x=1,23,...

X

5.

i) Let Success: = Getting one passenger to go to B from A.
p = Probability [Getting one passenger to go to B from A.] =0.3;
g=1—p =07
k = the number of successes (number of passengers going to Town B) = 4
X+k = the number of trials=15
X = the number of failures = 11
X follows NB ( k=4, p=0.3)

[X~NB(k,p) = P(X = x) = "\ )p*g5=x=01,.. ]

Hence, P(X = 11) = (“*‘* 1o0.3%0.71*

- 0.3%0.711=0.0583.
11!3!

ii) The average number of persons to be asked in order to get 4 passengers

= F (the number of trials)
=E(X +k) —E{X]-I—k— 24 k=—

il
_4x07
+4=—
0.3 0.3
= 13.33 ~ 14 persons.
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i)

Mode: For fixed & >0, the density function f{x) is an increasing function of x.

Thus, f (x) has maximum at the right end point of the interval [0, #).
Hence the mode of this distribution is @.

Median:

% o= [} f(x)dx

2
= Dq%-dx = [x3f|5|3] from0Otogq

g
-1

Thus, % = g3 /63 implies g-

3

[}

ii) Let A be the ratio of the mode of this distribution to the median

A = mode/median = 8 >~<2?'rI =27 = 1.2599
P(X<A) = [ f(x)dx

= [73x2/63 dx
= [13 ;’53] from0Oto A

- A3 ﬂ;ﬂ
if 8> 2'3=13599

2
_ {—
1 otherwise
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th
i) Median = Gn + %) value

. i th q 1 th
Q= (Zn + E) value and Q; = (;n+ E) value.

For city A:

Median = 27.50

@, = 23.50; Q3 = 31.50
For city B:

Median = 27.00

@, = 22.50; Q3 = 34.50

el
=l |

15 20 25 30 35 40 45 50 55 60 65 70

ii) Looking at the box plots, we see that the median of both distributions are close to 27 °
Celsius. This suggests that the monthly maximum temperatures for City A and B may
have the averages close to each other.

However, the overall spread of the figures for city B appears to be greater than the
corresponding spread for city A which can be confirmed by measuring by IQR. This
suggests that the variability in the monthly maximum temperatures for City B is greater
than the corresponding variability for city A (although conclusions drawn from such
small sample sizes should be treated with caution).

The value of 68 for city B could be an outlier.
City A distribution seems symmetric and City B distribution is clearly positively skewed.
For comparison:

* for city A: the modes (26.00) » median (27.50) = mean (27.50)
* for city B: the mode (25.00) < median (27.00) < mean (30.75)
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The xf? distribution has mean 9 and vaniance 18.

Setting the expressions for the mean and variance of the lognormal distribution to the above
values and solving the two equations:

EI'H-%UZ =9- Ez““’z(e"z - 1) =18
Squaring the first equation and substituting into the second, we get:
81(e”” — 1) =18
Solving this, we get 62 = log= = 0.2007
Now substituting g%in any one equation, we get p = 2.0969.

If X ~ log Normal then log X' ~ Normal, so: P (X > 9) = P (logX > log9)

log9—2.0969

—p (z > 2 ) =P(Z> 0.224)

Using interpolation from tabulated values for 0.22 and 0.23 in page 160
=1-P(Z<0.224)=1-0.5886 = 0.4114 |5 Marks]
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Let X be the time for the first exotic cake and ¥ be the time for the second. Then:

X~ N (120, 225) and ¥ ~ N (120, 225) [in terms of minutes]
We require: P (|X — Y| < 25)
The distribution of X' - ¥, 15:

(X —¥)~ N(120 - 120, 225 + 225) ~ N (0, 450)

P(X-Y|<25)= P(-25<X—-Y <25)

= P(Z <1.1785) — P (Z < —1.1785)
= P(Z<1.1785) — (1— P(Z < 1.1785))

= 2P(Z<1.1785) —1
(2)(0.8807) — 1= 0.7614

10.

(i) Let S be the salary (constant) of each of the 99 employees.

Hence, average salary of 99 employees = (5+5+...+5),/99 =5
The wariance of the salary of 99 employees was 0 (as they are getting the constant
salary)

[1]
(ii) 5+1000 is the salary of the 100th employee.

So, the average salary of 100 employees = [[$+5+...+5) +(5+1000)}] /100
= (1005+1000)/100 = S+10

With the addition of the 100th employee, the average salary of 100 employees has
increased by Rs 10.

Mow, the variance of the salary of 100 employees

——[ { (-10)*+(-10)*+...+(-10)" }+9907]

= —~_[9900+980100] = ——(990000) =9900
100 100

The standard deviation = /9900 = Rs 929.50, which is positive
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11.
(i) Let T: Accident with tyre burst

C: Accident due to collision with the road divider and
D: Death casualty in a car accident
Given that: P(T)=0.6, P (C) =0.4, P(D|T) = 0.3 and P(D|C) =0.5.

Given accidental death casualty, the probability of tyre burst is:

P(TIP(D|T)
B(T)P(D | T)+ P(C) P(D |C)

P(T|D) =

0.6 (0.3) _18 _
T (0.6 (0.3) + 0.4 (D5)) 28 0.4737.

(ii) To find the most probable cause of death casualty due to accidents, we need to
compare given accidental death casualty, the probability of tyre burst and

probability of collision with the road divisor; i.e P(T| D) and P(C|D)

pPO)P(D|C)
P(TYP(D|TY+PC)PD|C)

Now, P(C| D) =

- 0~4 (0.5) & .
~ (0.6 (0.3)+ 0.4 (0.5)) 38 0.5263.

[Alternately, P(C/D) = 1- P(T/D) = %l

Since, P(T|D) < P(C|D), collision with the road divider is the most probable cause of

accidental death casualty.
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12,
(i)

(ii)

(iii)

13.
i)

P{obtaining correct password in the third try)

= P(obtaining incorrect password in the first two attempts and obtaining correct
password in the third attempt)

= (1- 1/100) (1- 1/99) (1/98)

=1/100. [2]

File can be accessed if the password is correct in the first attempt or second
attempt or third attempt.

That is: P (Password is correct in the first attempt) + P(password is incorrect in the
first attempt and correct in the second attempt) + P(password is incorrect in the
first two attempts and correct in the third attempt)

= 1/100 + (1- 1/100)(1/99) + (1 - 1/100) (1 - 1/99) (1/98)
=3/100. [2]

P (Correct password is found on the 10th try)
= [P (Incorrect password in the first 9 attempts)][P(correct password on the
10th attempt)]

[1]
=[(1— 1/100)°][1/100] =0.009135. [2]
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iii)

fry) = /0

L.
Ty 5
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iii)

fxy.fw[-r.-y} dyde — E(X)E(Y)
B

35, 10" 20
N 30
w0 T wF |, w0
_3,1 3

3 o 50

1

= — = (.02

14.

i) Given that X and ¥ are jid from exponential distribution with mean %.i.e. ~ Exp
Fz(t)=P(Z<t)=1-P(Min(X,Y) > t)
=1—-PX>tandY>t)=1—-—P(X =>1t) # P(Y > y),since X and Y are independent
=1-{1-PX<t)}+{1-P¥<t)) =1—{(1—Fx(®)) * (1 - Fy(t))}
=1-{1—-(1—-e"2)}+{1-(1—e"2)} [as Fx(t) = Fy(t) = 1 — e™*]
=1—e*

ii) 1 — e~*" is the CDF of an exponential distribution; hence the mean is: %.
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15.

i) Given that fiy(x, %) = Z(x?y + x3);0 <x,y < 1.

The marginal pdf of X: h(x) = fi 2 = (x%y+ xy)dy = [12( x2y? + }{}? )]

==(3x2+=x); 0<x<1
5(2 2)

o

=—(x*+x); D<x<1

4]

The marginal pdf of ¥ : gfy)= _[ —(x ¥4+ xy)dx = [ ( x3y + x }')]

_12
]

—],r+ y) D<y=<1.

=2y ; D<wy<1

(i) Clearly fyxy(x,v) = hix)g(y). The random variables are statistically independent.

) e = E(Ee+ de)axs [E(es L))
=2(+3)=07
Em =[2Gy + 37y =[2G+ by )]:.-n
= Z(:+ 2) =067

Fleyldx =j1§{1-3}.+ xz},}a'x

I 1 = 1
(iv) We know that E(X/Y) = _fn x f(x|y)dx = fu = 2y

_[5,-’5}J" (x* + x%) dx =(6/5) [( x*+ x )];u

77
W o—=—
12 10

IJ1I|lIT\-
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E(EX/V)) = [} (&) fdx =f} (L) f()dx

'f ( )12 1(2+I]]

1
=ix£[(lx3+ lxz)] =_><_x _—ﬂ?I E{X}
10 10 3 2 ¥=p 10

(xy)d Lxty+ xty)
E(X?/Y) = [y x* f(xly)dx = [J x? = [l i ——ax

= (6/5) [, (x* + x%) dx

-5 [(t+ ix*)l;;sx e

V(X/Y) = E(X?/Y) — (E(X/Y))* == — (—)2 =

100

[If the candidate has answered using E|X /Y] = E[X]and V[X /Y] = V[X]
on computation of E[X*|and V|[X|full credit is to be given

16.

i) By definition, the moment generating function of Gamma(a, 4):

My(t) = E (e™) = [;7 (e

a—le—lx) dx

I'(a)

&3 1‘1(::) J'o“( xa—le—(l—t)x) s

a-n* 1,—(A-0)
Mx(t) (/1 )« f ( r'ia) x*"e x) dx
The integrand is pdf of Gamma (a, A - t) and the value of integral is 1.

A [24
Therefore, My(t) = (z) , provided t < A.

Dividing the numerator and denominator by A gives:

M, (t) = (l—if)a = [z —{)_a t<A

The cumulant generating function is:
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Cy(t) = log My(t) = —alog (1 —i)

Skew(X)

The coefficient of skewness =
Varix)1s

We know that Var(X) = Cy(0) and Skew(X) = Cy(0)
. v, 1
G0 =3 (1-3)
¢

MOES (1 —1)_2 = Var(X) = 4(0) = =

APF _3 A
G =22 (1-5) = Skew(X)= C;(0)= 22

A3
- z a.-"' 3 2a 2
Hence, the coefficient of skewness = —3—( }1_5 =—==F
a:;' . - W
rE

17.

The moment generating function of X, = My (t,) = E(ef*1)

= My(ty,0) :i (1 4 e(f2+2%0) 4 o(261+0)y

= % (1+efr + e2f2))

The expected value of X,is obtained bytaking first derivative of its MGF and evaluating

at t;=0.
Thus, E(Xy) = My, (0)= (1 +e°+¢V) =1

Similarly using the mgf of X, , E(X5) is shown to be 1

E(X,X;)is computed by taking the second cross-partial derivative of joint moment generating

function evaluated at (tq,t;) = (0,0) :

52-"‘4111:(?1-?2} - & (E

ct16¢a &1 \ S
= qi(i 2exp(ry + 272) + exp(2ry + r:)]:l
cil 3

= %[2 exp(fy + 2f2) + 2exp(2i1 + £2)]
Thus, E(X,X;) = “;
Cov(X,X,) = E(X.X,) — E(X,)E(X,) = ;—— 1x1=
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(%[1 + exp(r) + 223 ) + exp(22; + I:J])j

.= 0.33



18.
i) The marginal pdf of Y:

2 0<y<l1
: o P . &Y y
L AO) = [y 2dx= {0 d otherwise.
i) The conditional pdf of X given Y: f(x/y) is
2
f(xy) —; 0<x<y; 0<y<1
- P =y = {2" o

0 otherwise.

iii) The conditional mean: E(X/Y =2) = f:'x %dx = %, 0<y<1

1. ===0.25 when y==

Lo L

iv) The conditional variance: V(X/ Y =y) = E(XZ/Y =y)— (E(X/Y =2))*
a: BRI =9y = [ % x—— 0<y<1
1. === 0.083 wheny = =.
Hence, V(X/ Y =2)==— ()?= == 0.0208.
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19.

The mean and variance ol the Pareto distribution are given by:

ElX]= =77 =2
_ i _ 3 (42 =
Var X] = —i=5 = 6-oie—o — 12

From page 16 of the Tables Var (¥Y) = Var [E(Y | X)] + E [Var (Y | X)]-

Var (¥) = Var [2X + 5] + E [X? + 3]

Var (Y) = 4Var [X]+ E [X%] + 3

We know that E [X?] = Var[X]+ (E[X]D* =12+ 2° =16
Var (Y)=4(12) + 16 + 3 = 67

Hence, the standard deviations is 67 = 8.1854

20.
(i)

The Joint density of (X,Y):
We know that f(y/x) = [ )

flx)
Hence, flx,y)= fly | x)f(x)

== (8x)

, 1
Thus,ffx,y}:{ 8 Ifl]{xﬂi;ﬂ.ﬂd D<y<x
0 Otherwise.

The marginal density of ¥:

fty)=] f(,y)dx = []°8.dx = 4(1—2y) for O<y<=
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(iii) The Mean and Variance of X and ¥:

1

EY)=[]"N4Q—2y)dy =35~ <
V(Y) = E(Y?)~(E(Y))?.

E(YH)=[1"y24(1 —2y) dy =

o] =
1
=4 I
[

E

vorL- ()%

21.
V(Y)=E[V(YX)]+V [E (YX)]
SEX+1D)+V(2X+3)
=E(X)+1+4V(X)
=5+1+4(5)
=26

22.

Revised Sample Mean = (213,200 — 11,000 — 48,000 + 27,500 + 31,500)/12 = (213,200/12)
=17,767

Revised Ix” = 4,919,860,000 — 121,000,000 — 2,304,000,000 + 756,250,000 + 992,250,000
=4,243,360,000

213,2002)}132

Therefore: Revised Sample Standard Deviation = {ﬁ (4.243.360,000 — —

= {55 (455,506,666.7)}/

= {41,409,696.97}/2

= 6,435.

Comment: There has been no change in the sample mean. However there has been a reduction
in the Sample Standard Deviation from 10,144 to 6,435.

The mean remains unaltered as the total salary of the temporary employees who were being
replaced is equal to the total salary of the permanent employees who replaced them. The
reason for the reduction in standard deviation is that the salaries of the permanent employees
who replaced temporary employees are closer to the sample mean.
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