


        					        PPSAS101
Probability and Statistics

Time: 2 hours
Total Marks: 60 marks

Note:
1. The candidate has the option to either attempt question 4A or question 4B. Rest all questions are mandatory.
2. Numbers to the right indicate full marks.
3. The candidates will be provided with the formula sheet and graph papers (if required) for the examination.
4. The candidates should only write the option alphabet for answers in case of the MCQ based questions.
5. Use of an approved scientific calculator is allowed.

Q1) Answer the following 								          15 Marks. 
A)  											              5 Marks
The joint pmf of X and Y is given below.
	Y
	X

	
	0
	1
	2

	0
	1/6
	1/3
	1/12

	1
	2/9
	1/6
	0

	2
	1/36
	0
	0



Find 
 a) Mean values of X and Y 									         (1)
 b) Find the covariance between X and Y 							         (1)
 c) Correlation between X and Y 								         (3)

B)  											              5 Marks
Consider two random variables, X and Y, with a uniform distribution on the interval [0,1]; that is, X ∼ U (0,1) and Y ∼ U(0,1). 
Assume that X and Y are independent. 
(i) Write the moment generating function of X 						         (2)
(ii) Derive the value of the moment generating function MX(t) of X at t = 0. 			         (1)
An analyst argues that the sum of X and Y must have a uniform distribution on the interval [0,2] since both X and Y are uniformly distributed on [0,1]. 
(iii) Derive the moment generating function for the random variable Z with a U(0,2) distribution.   (2) 
C)                      										              5 Marks 
A truck can hold 25 containers (each of them is identical in shape and size). The weight of the container follows a normal distribution with mean 150 Kg and standard deviation 15 Kg. What is the probability that 25 containers will overload the truck if the maximum load limit is 4000 Kg? 


Q2) Answer the following 								          15 Marks. 
A)    											              5 Marks 
You are the producer for the television show Actuarial Idol. Each year, 1000 actuarial clubs audition for the show. The probability of a club being accepted is 0.20. The number of members of an accepted club has a distribution with mean 20 and variance 20. Club acceptances and the number of club members are mutually independent. Your annual budget for persons appearing on the show equals 10 times the expected total number of persons plus 10 times the standard deviation of the total number of persons. 
Calculate your annual budget for persons appearing on the show.


B)  											              5 Marks 
A telecommunications company has performed a small empirical study comparing phone usage in rural and urban areas, collecting data from a total of 35 people who use their phones independently. The average number of hours that each person spent using their phone during a week is denoted by Y.
	
	Sample size
	Mean Y
	Sample S.D. Sy

	Rural areas
	15
	3.7
	2.1

	Urban areas
	20
	4.4
	1.9



A statistical test is to be performed, at the 5% significance level, to determine whether the null hypothesis that mean phone usage in rural areas is the same as mean phone usage in urban areas, i.e. for: H0: phone usage is equal versus H1: phone usage is not equal.
i) State a suitable distribution for the test statistic with its parameter(s).			                       (1)
ii) Calculate value of the test statistic for this test 						         (2)
iii) Give your conclusion on the test performed. 						                        (2)



C)  											              5 Marks 
A training Manager of an Insurance company wishes to see if there has been any change in the ability of his trainees after they have been on a course. The trainees take an aptitude test before they start the course and equivalent one after they have completed it. The scores are recorded below:

Scores before Training: 42, 35, 37, 46, 53, 38, 44, 40, 43
Scores after Training: 47, 28, 26, 54, 42, 17, 44, 31, 44

Compute Pearson’s correlation coefficient between the scores before and after training and test its significance using t-test at 5% level of significance.
Q3) Answer the following 								          15 Marks. 
A)  											              5 Marks 
The amount of claims of a motor insurance company is modelled as an exponential random variable with λ = 1.25 (in ‘000s). A data analyst is interested in assessing the probability of Y exceeding 10 (INR 10,000 if represented in absolute amounts), wherein; Y is the total of 10 independent motor claim amounts.
Show, using moment generating functions, that:
i) Y has gamma distribution 								         (3)
ii) 2.5Y has a χ2 20 distribution 								         (2)  

B)  											              5 Marks 
It is well known that large bodies of water have a lessening effect on the temperature of the surrounding landmasses. On a cold night, temperatures (in centigrade) were recorded, as shown in the table below, at equal distances along a cross section running downwind from a large lake.
	Site (x)
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Temp (y)
	27.0
	25.0
	23.4
	22.6
	21.8
	21.4
	21.2
	21.0
	20.8
	21.0



             𝑥̅= 5.5; 𝑆𝑥𝑥 = 82.5
Notice that the temperatures drop rapidly and then level off as we move away from the lake. 
Fit an appropriate linear regression model for this data, by making a suitable transformation. 

C) [bookmark: _heading=h.gjdgxs] 										             	              5 Marks
A random sample of 200 unrelated motor policies with identical risk profiles from a certain company’s business gave rise to a total of 52 claims in 2001. Note that each policy can give rise to more than one claim in any one year. 

Assuming a Poisson model with mean  for the number of claims made on such a policy in 2001, use a normal approximation to calculate a lower 95% confidence interval for . 

Q4) Attempt question 4A or question 4B 
A)     											           15 Marks 
ABC Space agency, responsible to protect a planet from asteroid collision, developed new space-to-space missiles to be loaded in satellites.
The agency planned missile trial in two steps for testing 𝐻0: p = 0.1 versus 𝐻1: p > 0.1, where p is the proportion of hits of missiles, each missile targeted at similar asteroid. 
At the first step, 12 missiles will be fired. If three or more independent hits are observed among the (first) 12 missiles, 𝐻0 is rejected, the study is terminated, and no more missiles are fired. Otherwise, another 12 missiles will be fired in the second step. If a total of five or more independent hits are observed among the 24 missiles fired in the two steps, then 𝐻0 is rejected.
i) Calculate the probability of Type I error for the two-step testing procedure. 		         (4)

ii)  Calculate the probability of rejecting the null hypothesis 𝐻0 when p = 0.3. 		         (3)

iii)  Calculate the probability of Type II error when p = 0.3. 					         (1) 

Suppose that 10 Space agencies have developed missiles similar to ABC Space agency. They have performed only the first step trials and observed an aggregate of 40 hits out of 120 independent missiles fired.

iv) Calculate an approximate lower bound of 90% right-tailed confidence interval for ‘p’. (show up to four decimal places) 										         (3)

v) Test the hypothesis that 𝐻0: p = 0.278 against 𝐻1: p > 0.278 at 10% level of significance. 	         (3) 

vi) Comment on results of confidence interval obtained in (iv) and hypothesis testing in (v). 	         (1)

OR
B) 											           15 Marks 
When Ramesh was appointed as the laboratory assistant on 1st Jan 2008 to observe the life time of mice, there were 10 mice in the laboratory. His assignment was to observe the life time of the mice till 100 weeks and then estimate the expected remaining life time (in weeks) of mice as at 1st Jan 2008. 
7 Mice died within the 100 weeks period at the following times (in weeks) 
23, 27, 39, 52, 68, 89, 95 
and 3 mice were alive at the end of 100th week. 
Assuming that the future lifetime (as at 1st Jan 2008) follows Exp(λ) with density function
f (x, λ) = λ    λ>0, x>0 
(i) Write down the likelihood function for the sample of 10 lifetimes that Ramesh observed. 	         (3)

(ii) Compute the MLE of λ based on this likelihood. 						         (3)

(iii) What is the asymptotic variance of the MLE? 						         (3)

(iv) Write down the formula for 95% confidence interval for λ and construct it using the MLE in part (ii) and the asymptotic variance in part (iii) above. 							         (3) 

Ganesh (Ramesh’s boss) is the laboratory in-charge. He knows that the experiment actually started 25 weeks before 1st Jan 2008 with 15 mice. 5 mice had died before 1st Jan 2008 (Ramesh didn’t know about it). Even Ganesh did not have the exact weeks in which these 5 mice died. He only knows that they had died before 1st Jan 2008. Based on this new information Ramesh wanted to correct the likelihood function. 

(v) What is the correct likelihood function for the lifetime (starting 25 weeks before 1st Jan 2008) of 15 mice? 												         (3)
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