
Class: MSc

Subject : Statistical and Risk Modelling-4

Chapter: Unit 3  (Entire)

1



Agenda
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1. Introduction to Stochastic Processes and its Main Characteristics 
       1. Univariate Time Series Processes 
       2. Stationarity 
       3. Purely Indeterministic Processes 
       4. White Noise Process 
       5. Auto Covariance and Auto Correlation 
       6. PACF

2. Time Series Processes 
       1. Auto Regressive (AR) Process
       2. Moving Average Process 
       3. ARMA Process
       4. ARIMA Process 

3.   Markov Process 



Introduction 
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Time Series is a Stochastic Process indexed in 
� Discrete Time Domain
� Continuous State Space

Time series data is a collection of observations obtained through repeated measurements 
over time
Example 
� Closing Price of a Share 
� Inflation Rate every quarter 
� Temperature on a given day 
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https://www.influxdata.com/blog/what-is-time-series-data-and-why-should-you-care/
https://www.influxdata.com/blog/what-is-time-series-data-and-why-should-you-care/


Motivation
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Why do we need to model Time Series  ? 

1

� To help understand the process better 
� To be able to forecast / predict future behaviour 
� To improve decision making



Plot of a Time Series Process
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Univariate Time Series Process 
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� Observe a single process at a sequence of different times 
� Continuous State Space 
� Discrete Time Set 

� The term "univariate time series" refers to a time series that consists of single (scalar) 
observations recorded sequentially over equal time increments. ... If the data are 
equi-spaced, the time variable, or index, does not need to be explicitly given. 

1.1



Stationarity 

7

� Stationarity means that statistical properties of the stochastic process remain 
unchanged.

� Stationarities can be of two types
• Strong / Strictly Stationary 
• Weak Stationary  

1.2

 



Purely Indeterministic Process 
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1.3 

 



White Noise Process 
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1.4
 



Question 
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Solution 
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Auto Covariance and Auto Correlation 
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1.5
 



Auto Covariance and Auto Correlation 
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1.5

Correlograms - Autocorrelation functions are the most commonly used statistic in time series analysis. A lot of 
information about a time series can be deduced from a plot of the sample autocorrelation function (as a function of the 
lag). Such a plot is called a correlogram.

Stationary series    Alternating series       Series with trend



Partial Auto Correlation Function (PACF) 
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1.6

These formulae can be found on page 40 of the Tables.

 



Linear Models of Time Series
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2
The main linear models used for modelling stationary time series are: 

• Autoregressive process (AR) 

• Moving average process (MA) 

• Autoregressive moving average process (ARMA). 

The definitions of each of these processes, presented below, involve the standard zero mean white 

noise process



Auto Regressive process - AR(p) 
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2.1
 



AR(1) Process 
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2.1
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AR(p) Process 
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2.1
 



AR(p) Process 
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2.1
 



Yule Walker Equations
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2.1
 



Behavior of the PACF for an AR(p) process 
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2.1

 



The first-order moving average model, 
MA(1)
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2.2 
 



Stationarity & Invertibility
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2.2
 



Condition for Invertibility
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2.2
The original moving average model has therefore been transformed into an autoregression of 
infinite order. But this procedure is only valid if the sum on the left-hand side is convergent, in 
other words if |β| < 1.

When this condition is satisfied the MA(1) is called invertible. 



MA(q) Process 
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2.2
 



Condition for Invertibility
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2.2
 



Question 
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CS2A September 2022 Q2
Consider the time series process, Xt, given by:

Determine the values of the parameters a and b such that Xt is: 
(i) stationary. [5] 
(ii) invertible. [2]



Solution 
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Solution 
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Question 
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CT6 September 2017 Q10



Solution 
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Solution 
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Solution 

34



The autoregressive moving average 
process
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2.3
 



Stationarity & Invertibility for ARMA(p, q)
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2.3

• To check the stationarity of an ARMA process, we just need to examine the autoregressive 
part. 

• The moving average part (which involves the white noise terms) is always stationary. The 
test is the same as for an autoregressive process – we need to determine the roots of the 
characteristic equation formed by the X terms. 
The process is stationary if and only if all the roots are strictly greater than 1 in magnitude. 

• Similarly, we can check for invertibility by examining the roots of the characteristic equation 
that is obtained from the white noise terms. 
The process is invertible if and only if all the roots are strictly greater than 1 in magnitude. 



ARIMA(p, d, q)
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2.4
 



Markov Process 
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3



Question 
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CS2A September 2022 Q3



Solution 
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Solution 
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