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2. Three methods of graduation that the life company can use, along with their

respective advantages and disadvantages are described below:

Graduation by fitting Parametric Formula: we assume that mortality can be modelled

using a mathematical formula

Advantages

• Suitable with reasonably large experience data to be able to fit a parametric formula to

the crude rates: The insurance company has been selling term assurances for a number

of years and is considered ‘large’ so it is likely that the company would have sufficiently

large data to consider this approach

• The rates will automatically be smooth

• It is easy to identify the mortality trends if the same formula is used

• The goodness of fit is usually satisfactory

• Calculations can be computerised

• Can give most weight to the ages where most data was available.

Disadvantages

• It is often difficult to find a single formula that fits over the whole age range

• If the formula used does not include enough parameters, it will not be flexible enough

to follow the crude rates closely, which may result in over-graduation. If too many

parameters are included, sudden bends may appear in the graduated curve, which may

result in undergraduation.

• It can be very time consuming, even with computerisation.

• For practical use, it may not be sufficient to choose and fit a formula using statistical

methods alone. It will also be necessary to inspect the results in the light of previous

knowledge of mortality experience, especially at very young and very old ages where the

data may be scarce. Therefore, it may be necessary to adjust the graduation to obtain a

satisfactory final result.

Graduation by reference to a Standard Table: we assume that there is a simple

relationship between the observed mortality and an appropriate standard table

Advantages

• This will be particularly useful if we do not have much data from experience in which

we are interested

• the method can give good results on very scanty data

• you usually do not have to bother testing for smoothness

• knowledge of other tables is automatically brought into the graduation

• there should be little difficulty with the ends of the table, ie amount of extrapolation

required is limited

Disadvantages



• reliability of results can be doubtful if there is little data (although this is true for other

graduation methods as well)

• it is not always possible to find a suitable standard table (and thus adherence to data

would be poor if this were the case)

• any errors in the original table will be repeated.

Graduation using spline functions - (To be explained from notes)

3.

a) If the graduated rates are smooth but show little adherence to the data, then we say

that the data may be over-graduated.

Similarly, if the graduated rates follow the crude rates closely but result in an irregular

progression of over ages, we say that the data is under-graduated.

Therefore, to test the graduated rates for over/under-graduation, we need to test for

both smoothness and adherence to data.





The criterion of smoothness usually used is that the third differences of the graduated

rates should:

a. be small in magnitude compared with the quantities themselves; and

b. progress regularly.

For this graduation, both these conditions are met, which indicates that the graduated

rates are very smooth.

Conclusion From the above two tests, we can see that the graduated rates: ‐
do not meet the chi square test for adherence to data; and ‐
are smooth.

Thus, the graduation seems to have led to the data being over-graduated.

b) We concluded above that the rates were over-graduated based on the observation that

the chi-square test indicated that the graduated rates do not adhere to the data.

However, a closer look at the standardized deviations indicates that more than half the

value of test statistic came from the first age group of 20-24 years [7.03 out of a test

statistic of 13.87]. The data in respect of this age group is particularly scanty (only one

death in the last ten years!); therefore the crude rates could well be unreliable. Ignoring

this outlier, the graduated rates in fact show a very good adherence to data, as the

remaining standardized deviations are quite small. In this case, the graduation seems to

be neither over nor undergraduated but may be considered adequate; as the graduation

is both smooth as well as adheres well to the crude data (except for the dodgy first age

group data).



Using the chi-square test to determine the adherence to data in case of graphical

graduation has a limitation because it is necessary to determine the number of degrees

of freedom for the test statistic. The number of degrees of freedom to use when graphical

graduation has been used is not obvious.

The graduating curve has to a certain extent been forced to fit the rough data but it is

subjective as to how many degrees of freedom should be deducted for this.

The chi square test is thus approximate and any result should be considered

intelligently and not just blindly accepted. [19]

4.

i) Methods of graduation are:

a) Fitting a parametric formula: use the third differences of the graduated rates which

should be small in magnitude and progress regularly to ensure smoothness of rates

b) Graduation using spline functions

c) Standard table: Standard table is already acceptably smooth.

ii) Reasons for smoothing

∙ By smoothing the experience, we can make use of data at adjacent ages to improve the
estimates at each age.

∙ We believe that mortality varies smoothly with age. Therefore the crude estimate of
mortality at any age carries information about mortality at adjacent ages.

∙ To remove sampling (or random) errors.
∙ To produce a smooth set of rates that are suitable for a particular purpose such as
premium for life insurance contracts.

∙ Any irregularities, jumps and anomalies in financial quantities (such as premiums for
life insurance contracts) are hard to justify to customers. (2)

iii) Appropriate method of graduation

a) The male members covered under PMJJY (Pradhan Mantri Jeevan Jyoti Yojna) With

reference to a standard table, because there are many extant tables dealing with male

population covered between ages 18 & 60 years.

b) The female population of a large developing country. By parametric formula, because

the experience is large (or because the graduated rates may form a new standard table

for the country).

c) The third gender patients suffering from brain cancer in a particular region.

Graphical, because no suitable standard table is likely to exist and the experience is

small. (3)





5. (i) “Undergraduation” occurs when too much emphasis is given to goodness of fit.

Undergraduated rates adhere closely to the crude rates, but the resulting rates do not

show a smooth progression from age to age.                  

“Overgraduation” occurs when too much emphasis is given to smoothness.

Overgraduated rates show a smooth progression from age to age, but the resulting rates

do not adhere closely to the crude rates.  



The test statistic has a chi‐squared distribution with degrees of freedom given by

number of age groups less 1 for the parametric function and further reduction for using

the standard table.

The critical value of chi‐squared distribution with 6 degree freedom at 5% level is 12.59.

Since 4.06397 < 12.59, there is no evidence to reject the null hypothesis that the

graduated rates are the true rates underlying the crude rates.  





6. Lee Carter Model

where:

is the central mortality rate at age x in year t,𝑚
𝑥,𝑡

describes the general shape of mortality at age x,𝑎
𝑥

measures the change in the rates in response to an underlying time trend in the level𝑏
𝑥

of mortality k,

reflects the effect of the time trend on mortality at time t , and𝑘
𝑡

are iid random variables with means of zero and constant variance.ε
𝑥,𝑡

To obtain unique parameter estimates for this model, important constraints are

imposed.

7. i)

- produce a smooth set of rates that are suitable for a particular purpose

- remove random sampling errors

- use the information available from adjacent ages.

- make them fit for the purpose for which they are intended



iii) - Cumulative Deviations test

- Signs test

- Grouping of Signs test

- Serial Correlations test

iv) - One factor in the age-period-cohort is linearly dependent on the other two

- Intense data demands, for example, for all age groups, more than 100 years of data

may be required



8. i) Graduation refers to the process of using statistical techniques to improve the

estimates provided by the crude rates. The aims of graduation are

∙ To produce a smooth set of rates that are suitable for a particular purpose
∙ To remove random sampling errors

∙ To use the information available from adjacent ages [2]

ii) The three desirable features of graduation are

(a) smoothness

(b) adherence to data and

(c) suitability for the purpose in hand. [1]

iii) If the graduation process results in rates that are smooth but show little adherence to

the data, then we say that the data may be overgraduated. Here the graduated rates may

not be representative of the underlying experience.

Undergraduation refers to the case where insufficient smoothing has been carried out.

This will tend to produce a curve of inadequate smoothness, but better adherence to

data. In this case, the graduated rates will follow the crude rates very closely, but will

show an irregular progression over the range of ages. [2]

iv) The graduated rates are derived using the formulae given and the estimated

parameters, as given below:



v) The appropriateness of graduation can be tested using chi-square test. The exposed to

risk at each age can be taken as 1,000 lives. Based on this exposed-to-risk, the actual

and expected deaths can be estimated.

The difference between the observed deaths and expected deaths as per the graduated

rates are summarised below.

As the actual deaths for females at age 20 and 25 are below 5, these 2 cells are

combined.



9. Expectations have been used in mortality forecasting in the form of expert opinion: an

assumed forecast or scenario is specified, often accompanied by alternative high and low

scenarios. Most official statistical agencies have based estimates on this approach in the

past.

An approach under expectations is projection of mortality using reduction factors.

- which measures the proportion by which the mortality rate at age x , qx , is𝑅
𝑥,𝑡

expected to be reduced by future year t.

We have a reduction factor equation as:

where and and represent, respectively, the ultimate reduction factor and theα
𝑥

𝑓
𝑛,𝑥

proportion of the total decline (1- ) assumed to occur in n years. The approachα
𝑥

embodies an exponential decline in mortality over time to the asymptotic value , andα
𝑥

uses expert opinion to set the targets and .α
𝑥

𝑓
𝑛,𝑥

The future mortality is then projected using the below formula and some chosen base

year.



10. i) The graph is an example of overgraduation [1]

ii) To test smoothness, we need to calculate the third differences of the graduated

quantities. The third differences measure the change in curvature. The criterion of

smoothness usually used is that the third differences of the graduated quantities

should: a. be small in magnitude compared with the quantities themselves; and b.

progress regularly. [3]

iii) The χ2 -test will fail to detect several defects that could be of considerable financial

importance.

a. There could be a few large deviations offset by a lot of very small deviations.

b. The graduation might be biased above or below the data by a small amount. The χ2

statistic can often fail to detect consistent bias if it is small.

c. Even if the graduation is not biased as a whole, there could be significant groups of

consecutive ages (called runs or clumps) over which it is biased up or down. This is still

to be avoided. [3]

iv) Signs test [1]


