INSTITUTE OF ACTUARIAL
& QUANTITATIVE STUDIES i

Subject: srRm -2

Chapter: Unit1&2

Category: Assighment
Solutions




1.

(1) For the Pareto distribution with parameters a. i as per the tables we have:
A
E(X)=—
(X)=——
And
an’ 2 o
Var(X)= 5 =E(X)——
(a—1)" (x—2) o2
And so

E(x?)=Var(X)+E(X)’ =E(X)’ {

The observed values we are trying to fit are

E(X)=170
2

E(X — 400 +170% = 434.626>

e

So we have

2a-2  E(X?) 434.626°

:  =6.53633
a-2 EX) 1707

And so

_ 2-2x6.53633

o= =2.441
(2—6.53633)

And finally A =1.441x170=24495
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(11)

We must solve

Re-arranging and taking roots gives

1
0.52¢1 =, 7527965 = 24495
24495+ x
And so
244.95-244.95%x0.7527965
. 44.95-244.95%0.752796 044

0.7527965

So the median 1s significantly lower than the mean. This demonstrates how
skew the Pareto distribution 1s.
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(1) (a) Let the parameters of the Lognormal distribution be pn and ©.

Then we must solve

2

a
+—
: 2

e 2=230 (A)

2 2
e (7 _1) =110 (B)

2
2 110
B)+ Ay =€ -1=—=
230
7
2 110°
50 ¢’ =1+——=1.22873
230°

S0 02 =log 1.22873 =0.205984

so g =0.45385

Substituting mto (A) gives

0.205984
L+
e 2 =230
0.205984
u =log(230) - ——~
2
= 5.3351
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(b)

(11)

This time we have

€|1+[|.ﬁ?450' =510 (A)
e[.l—ﬂ.ﬁ?‘l-ﬁﬂ' =20 (B)

logA + logB = 2u=10g510 + log80
so U =5.30822
and substituting into (A)

5.30822 +0.6745¢ =1og510

5= log510-5.30822
0.6745

=1.37315

Calculating the upper and lower quartiles from the parameter 1n (1)(a) gives

o= E5.335].—'El.I5]"45>-<{J'.45335 =282 cf 510

LQ — 65.3351—0_6?45}:{{14533‘:3: 153 f 80

This is not a good fit. suggesting the underlying claims have greater weight in
the tails than a Lognormal distribution.
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(1) Let the parameters be ¢ and y as per the tables.

Then we have:

1-6° —0150

e

And similarly ¢x95" =—log0.1 (B)

=0.9 andso cx20" =—1og0.9 (A)

.
(A) divided by (B) gives [E] _Log09 _; 0457575
95 log0.1
log 0.0457575

So y=—2 22 _1.9795337

log| —

#| 95

log0.9

And substituting into (A) we have ¢

2{}1_9?9533?

(1)  The 09,5 percentile loss 1s given by

19795337

So that —0.000280056x°7°>337 =10g0.005

~ 1og0.005
log =

—0.000280056
logx= '

] =4.9748630606

- 1.9795337

So x = tO7TH86366 _ 144 73
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D) Ms(r)=E(")
_ E(E(EI{X1+X2+---+XN) ‘N)

=E(My (I)N ) since the X, are independent and identically distributed
— E(ENIDEMX(!‘))

=My (log M (1))

= exp(A(exp(log(M x (1) - 1))

=exp(MM x (1) -1))

(i) Mg(2) = Mg (1) x MM x (1)
E(S)=M5(0) = Ms(0) x Ax M (0)
=1xAXU

=AU

M) =Mg(t)x hx M5 (1) + Mg (1) x A x My (1)

E(S%) = Mg (0) = Mg (0)x Ak x My (0) + Mg (0)x hx My (0)
= ApxAxp+1xAx(o” +p%)

=270+’ + e’

And so

Var(S) = E(S%) - E(S)?
=22t +apt + Aot — At
= A(u? +0?)
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(111) First, we must calculate the mean and variance of a single claim, say ¥.
Let us denote by X the underlying loss. Then

200 o
EQY) = | 001xe ™ dx+ | (x+50)x0.01xe M ax
0 200

[# & o0
. ID.U]xe"ﬂ'mxdxl 50 j‘ 0.01e 0 01% gy
0

200
— E(X)+ 50% P(X > 200)
=100+ SDKE_EDDXU'U]'
=100+ 6.76676
=106.76676
200 o
E(r?)= [ 0.01%e " Max+ [ (x+50)% x0.01 " dx
0 200
o0 =) [
=[0.01x% M ax + [ xe™ ™ dx+50% [ 0.01e7Mdx
0 200 200

o
—E(X?) +[ lﬂﬂxe'ﬂ'mx];m | _[ 100e"%%%g 4 50% P(X > 200)
200

=100% +100? +20,000e 2 +[ muze‘“-“‘x}:m +2,500e

— 20,000+ 20.000&2 +10,000& 2 + 2.500e2

= 20,000 +32,500¢ >
= 24.398.39671
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And finally, using the results from part (11)

E(S)=500E(X) =500 x106.76676

=53,383.38
and
Var(S) = S00E(X?2) = 500x 24,398.39671 =12,199,198.36
(1) (@)  EN)=E[ENW)]
=E[pn]=2/8=0.25
(b)  var(N) = E[var(N|n)] + var[E(Nu)]
= E[p] + varfp]
=2/8+2/82=0.28125
(1)  Let ¥ be aggregate claims from one policy.

Individual c¢laim is gamma with @ =2and A =0.001.

E(Y)=E(X)E(N)=2000x0.25=500.
Var(Y)=E(N)Var(X)+Var(N)E(X)*
=0.25% 2000000 + %2 x2000% =1,625,000.

So the mean and variance of total claims are 500.000 and 1.625.000.000
respectively.
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(iii)

(iv)

6. (i)

Our approximate distribution for 5 is 5§ ~ N(500.000 . 1625000000).

550000 —500000

4/1625000000

P(S}SS{}{]DD)=P[Z} ]=P(Z}l.24ﬂ35]={}.1ﬂ?4.

The prob three years in a row 1s 0. 1074° = 0.00124 .

The probability of this happening is very low. It is more likely that the
msurance company’s belief about the distribution of claims amounts 1s
incorrect.

The normal approximation tails off quickly and so underestimates the
probability of extreme events

(a) To protect itself from the risk of large claims.

(b)

e Excess of loss reinsurance where the reinsurer pays any amount of a claim above the
retention.
e Proportional reinsurance where the reinsurer pays a fixed proportion of any claim.
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(11)  We must first find the parameters o and A of the Pareto distribution.

2
A~ 270 and — = 3402
o1 (a—1)2(a-2)
2
A
el = = 3407
a—2 (a-1)
3402
50 —> = > = 1585733882
a—2 270
2%1.585733882
SO0 =

© 1.585733882—1
= 5.4145

and L =270 = 4.4145=1191.920375
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We need to find M such that P(X> M) = 0.05

} L
ie. ( - ) =0.05
M

(1)

= (.05
h+M
1
’3 = 0.05%(L+ M)
1
Al l1-0.05c
M = T
(.05

1
1191.920375x| 1—0.05>4145 ]

1

{]_{}55.4145

I
(%]
o0
=
%]

Let the loss amount be X. Then
E(X)=0.8x100+0.2x 115=103
E(X2)=0.8 x (1002 +400) + 0.2 (1152 + 900) = 11.145

Var(X) = E(X?) — E(X)2 = 11.145 - 1032 =536
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(11)  No, the loss distribution i1s not Normal. To see this. note that (for example) the
pdf of the combined distribution will have local maxima at both 100 and 115.
[Consider the case where the variances are very small to see this]

(i)  Pr(X>130)= 0.8 x Pr(N(100. 202) > 130) + 0.2 x Pr(N(115.302) > 130)

=0.8 x Pr(N(D.l)}

13{)-1{){:)

+D.2><P1~(N{{}.1} >

130-115
3

Pr(X >

130) = 0.8 x Pr(N(100,20%) > 130) + 0.2 x Pr(N(115,30%) > 130)

=0.8 x Pr(N(0.1) > 1.5) + 0.2 x Pr(N(0.1) > 0.5)
=0.8 x (1-0.93319)+0.2 x (1 — 0.69146)

=0.115156

(1v) The relevant proportion 1s given by:

0.2x(1-0.69146)
0.115156

=53.6%
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(1) Let X represent the distribution of individual claims. Let ® denote the
probability that an individual claim involves the reinsurer. Then

oD
n =P(X>M)= [ he X ax
M

() My () =EE")=ne'+1-n ="M 41— W

(11)  Using the results for the moment generating function of a compound
distribution, we have

Mg (1) =My (log My (1))
= (pM;,.(t)H—P)H

= (p{nef +1—:m)+1—p)n

= (pné +p—m+1—p)”
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= (pner +1—prr)n

=(p4"‘""'+ ‘I.—:u""")'

Which 15 the MGF of a binomial distribution with parameters n and pw.

Hence. by the uniqueness of MGFs K has a binomial distribution with
parameters n and pm.

(1) Let the mndividual loss amounts have distribution X. Then

100
E(X)= j' 0.01333xe 01333 gy +100% P(X >100)
0

100 100 a
1]

100

100 o
=_1ﬂﬁg—1.333+|:_?58—{}.013331L +1m}|:_e—0_ﬂ1333x:|1m

1333 o 1333 -1333

=—100e +75+100e
=55.2302

Hence E(S)=50x55.2302=2761.5
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100
E(XY)= j' 0.01333x%e dx +100° P(X >100)
0

2 —0.01333x

100 199

+|Exe
0

_ [_IQE—G.DIEHJ{} —ﬂ.{}13331dx + IDDEE—I.EEE

0

100 100

,J
=—1{}{}?g‘1-333+[_-—I€—0.01333x} +j' 2 001333r gy 1002,-1333
(0.01333 0 0 0.01333

100

200 _ 2
e 1.333+l: e [I.ﬂlEEEx:l

0.01333  0.013332 0

2

| ]

200
200 133 ——29_1'333 T
0.01333 0.01333 0.01333

=4330.0

and so

Var(S)=50x4330.6 = 216529 = (465.33)°
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(1)  (a) The normal distribution is N(2761.5. 465.33%)

(b) The Log-Normal distribution has parameters p and o with

272
E[S}:EFH-D_.
lute’ ;oo 2 o’
Var(S)=e™ 7 (e° —1)=E(5)" x(e° —-1)
So substituting gives
2
216529 =2761.52 x (&% 1)

2 2165
ot _ 216529

7 +1=1.028394
2761.5

o’ =log(1.028394) =0.027998

c =0.167327

And now we can substitute for ¢ to give
2761.5 = Ep+ﬂ.ﬁ??993.-"2

n=1og(2761.5)—0.027998 /2 = 7.90953
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(iii)

Using the Normal distribution:

3000-2761.5
P(N(2?61.5.465.332) > 3000) = P(N({llj > 716533

= P(N(0.1) > 0.51) =1—0.69497 = 0.30503

From tables.

Using the log-normal distribution.

P(log N(7.90953.0.167327%) > 3000) = P(N(7.90953.0.1673272) > log(3000))

log3000-7.90953

0.167327 )

= P(N(0.1) >

= P(N(0.1) > 0.58) =1—0.71904 = 0.28096
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10.

Let the annual number of claims be denoted by N. Then

_szazjﬁmwzmmﬂmdu

‘[ et H lev‘“"dp

(l+m]p,dru
; 1_'(;( +1) ‘[ (1+ l) ,_(1+}“J”(fu
k! @+mh4 Th+1)
}'-
- % _x1
(] +?L)Jﬁ"+l

Where the final integral 1s 1 since the integrand is the pdf of a Gamma distribution.

So

pv=R=—2 ot L k=012

1+ 1+h (1+2)

. This 1s

Which means that N has a geometric distribution with parameter p = —
+ A

equivalent to a Type II negative binomial with k=1
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