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(1)

(a) Let the parameters of the Lognormal distribution be p and ©.

Then we must solve

2

4]
=
. 2

e 2=230 (A)

2 2
e (% _1)=110"> (B)

2
2 110
B)+ (AP =" -1=—
230
2 110°
50 e =1+——=1.22873
230°

50 o’ = log 1.22873 = 0.205984

so g =0.45385

Substituting into (A) gives

0205084
L+
e 2 =230
0.205984
n =log(230) - ————~
= 5.3351
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(b)  This time we have

€u+0.6?45(5 =510 (A)

logA +logB = 2u=10g510 + log80
S0 L= 5.30822
and substituting into (A)

5.30822 +0.6745¢ = log510

_ log510—-5.30822
0.6745

=1.37315

(11) Calculating the upper and lower quartiles from the parameter in (1)(a) gives

O = ¢2-3351+0.6745x0.45385 = 2g2 cf 510

LQ — 95.3351—0_6?45:-({145335: 153 of 30

This 1s not a good fit. suggesting the underlying claims have greater weight in
the tails than a Lognormal distribution.
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(1) Let the parameters be ¢ and y as per the tables.

Then we have:

¥ _ T
l_e—cxlﬂ —01l<o e e 20

And similarly ¢x95" =—log0.1 (B)

=09 andso ¢x20" =—1log0.9 (A)

.
(A) divided by (B) gives [E] _ 10209 _ 0457575
95 log0.1
log 0.0457575

So y=—2 22 19795337

log| —

# 95

log0.9

And substituting into (A) we have e =—

2{}1_9?9533?

(1)  The 09,5 percentile loss 1s given by

19795337

So that —0.000280056x°7°>337 =10g0.005

~ 1og0.005
log =

—0.000280056
logx= '

] =4.9748630606

- 1.9795337

So x = tO7TH86366 _ 144 73
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=0.000280056



D) Ms(r)=E(")
_ E(E(EI{X1+X2+---+XN) ‘N)

=E(My (I)N ) since the X, are independent and identically distributed
— E(ENIDEMX(!‘))

=My (log M (1))

= exp(A(exp(log(M x (1) - 1))

=exp(MM x (1) -1))

(i) M5 (1) = Mg (1) x MM x (1)
E(S)=M35(0) = Ms(0)x A xMx(0)
=IxAxp

= iU

ME() =My () x Ax My (£)+ Mg () x A x M (1)
E(S*)=Mg(0)=Mg(0)x A x My (0) + Mg (0)x hx M5 (0)
= AuxAxp+1xAx (o7 + 1)

=a7n% + A + o’

And so

Var(S) = E(S%) - E(S)*
S N TRy ST Vo o T
= A(u* +0%)
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(111) First, we must calculate the mean and variance of a single claim, say ¥.
Let us denote by X the underlying loss. Then

200 o
EQY) = | 001xe ™ dx+ | (x+50)x0.01xe M ax
0 200

[# & o0
. ID.U]xe"ﬂ'mxdxl 50 j‘ 0.01e 0 01% gy
0

200
— E(X)+ 50% P(X > 200)
=100+ SDKE_EDDXU'U]'
=100+ 6.76676
=106.76676
200 o0
E(r?)= [ 001x% " ax+ [ (x+50)?x0.01e " dy
0 200
[+ & o oo
=ID.D1xze_ﬂ'mxdx+ _[ xe 00y 4 502 _[ 0.01e 0 g
0 200 200

oD
—E(X?) +[ lﬂﬂxe'ﬂ'mx]:m | _[ 100e"%%%4 4 50% P(X > 200)
200

—100% +100? +20.000e 2 +[ mﬂ%‘“-mem L 2.500e >

— 20,000+ 20,000¢ "2 +10,000& "> + 2,500

= 20,000 +32.500¢ 2
— 24.398.39671
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And finally, using the results from part (11)

E(S)=500E(X) =500 x106.76676
= 53,383.38

and

(1)

(11)

Var(S) = S00E(X?) = 500 24,398.39671 =12,199,198.36

()  E(N)=E[ENW]
=E[u] =2/8=025

(b)  wvar(N) = E[var(Nu)] + var[E(N|u)]
= E[] + var[]
=2/8 +2/82=0.28125

Let ¥ be aggregate claims from one policy.

Individual claim is gamma with o= 2and A =0.001.

E(Y)=E(X)E(N)=2000x0.25=500.
Var(Y)=E(N)Var(X)+Var(N)E(X)*
=0.25x 2000000 + %2 % 2000% =1,625,000.

So the mean and variance of total elaims are 500.000 and 1.625.000.000
respectively.
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(111)  Ouwr approximate distribution for 5 1s 5 ~ N(500.000 , 1625000000).

550000 — 500000
1625000000

P(S}SS{}{]DD)=P[Z} ]=P(Z}l.24ﬂ35]={}.1ﬂ?4.

(iv)  The prob three years in a row 1s 0. 1074° = 0.00124 .

The probability of this happening is very low. It is more likely that the

msurance company’s belief about the distribution of claims amounts 1s
incorrect.

The normal approximation tails off quickly and so underestimates the
probability of extreme events

(1) Let the loss amount be X. Then
E(X)=0.8x100+0.2x 115=103
E(X%)=0.8 x (1002 +400) + 0.2 (1152 + 900) = 11.145

Var(X) = E(X?) — E(X)?2 = 11.145 - 1032 =536

11 No. the loss distribution 1s not Normal. To see this. note that (for example) the
p
pdf of the combined distribution will have local maxima at both 100 and 115.
[Consider the case where the variances are very small to see this]

(i) Pr(X>130)=0.8 x Pr(N(100. 202) > 130) + 0.2 x Pr(N(115.302) > 130)

Pr(¥X >

30—
=0.8 x Pr(N(D.l}}%)

-115
+D.2><P1‘(N('D.1) }%J

130) = 0.8 x Pr(N(100,20%) > 130) + 0.2 x Pr(N(115,30%) > 130)
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=0.8 x Pr(N(0.1) > 1.5) + 0.2 x Pr(N(0.1) > 0.5)
=0.8 x (1-0.93319)+0.2 x (1 — 0.69146)

=0.115156
(1v) The relevant proportion 1s given by:

0.2x(1-0.69146)
0.115156

=53.6%

(1) Let the individual loss amounts have distribution X. Then

100
E(X)= j' 0.01333xe 0133 0y £ 100 % P(X >100)
0

100 100 ®

1] 100

o

100
=—1D{}e‘1'333+[—?53‘“‘”1333-"L +mﬁ[_g—n_01333x}m

-1.333

e 1932 7567133 L 75 1100

=—100
=55.2302

Hence E(S5)=50x55.2302=2761.5
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100
ExY= [ 0.01333x% dx+100° P(X >100)
0

2 —0.01333x

100 100
. + l 2x€—0.013331dx i 10029—1.333
0

_ [_x29—0.01333xJ

oy 00 100,
0.01333 o o 0.01333
100
=_ﬂ€—1-333{_ 2 E—o_mssax}
0.01333 0.013337 0
200 2 2
— _79—1.333 _ . 2—1.333 I 5
0.01333 0.01333 0.01333
=4330.6

and so

Var(S) = 50x4330.6 = 216529 = (465.33)°
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(i)  (a)  The normal distribution is M(2761.5. 465.33%)

(b}  The Log-Normal distribution has parameters p and ¢ with
212
E(S)=e"""
2 2 )
Var(S)=e*% (&% —1)=E(S)? x(e” -1)
So substituting gives
2
216529 =2761.5%x(e° -1)

1 2165
e’ = 16 22+1=1.028594
2761.5

o° =log(1.028394) =0.027998
c =0.167327
And now we can substitute for o to give

n=1og(2761.5)—0.027998 /2 = 7.90953
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(111)

Using the Normal distribution:

3000-2761.5
P(N(2761.5.465.33%) > 3000) = P(N(O.l) > o
465.33
= P(N(0.1)>0.51)=1—0.69497 = 0.30503

From tables.

Using the log-normal distribution.

P(log N(7.90953.0.1673277) > 3000) = P(N(7.90953.0.167327%) > log(3000))

log 3000 — 7.90953
= P(N(0,1) > —2 ).
0.167327

= P(N(0.1) > 0.58) = 1—0.71904 = 0.28096

Let the annual number of claims be denoted by N. Then

A | (1 n ?L)k—i-l

N (1+)‘.)ﬁ'+l

P(N=k) = K’ P(N =) Ain) du

w© “k
= I e M e Mdp
0 ¢ Tk

(1+}'L;)!.|. d 0

'—(l+."m)u (ﬂl

F(A +1) o (1+a)F!
J T(h+1) |

A <1
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Where the final integral is 1 since the integrand is the pdf of a Gamma distribution.

So

P(N=k) = A— L fork=0.1.2. .

>
A+ 1+n qa+nf

Which means that V has a geometric distribution with parameter p =

equivalent to a Type II negative binomial with k=1

8.

Using truncated moments of lognormal distribution:

E[Z] = [, (C = 900)f (c)dc +[,o, (BOO)f (c)de

:Jgfﬂmcf{r:]dc- I?L?Dﬂu{gﬂﬂ]f{ﬂjdc + L:W{Eﬂﬂ]fl[c]dc
1700

= Jooo cf (c)dc — 900P(900<C<1700) + 800 [P(C) = 1700]
Using truncated moments of lognormal distribution:
E[Z]=e** 2 [D{(In1700-p)/ o)} 0 -D{(In900-p)/ o) 0 ]
- 900[@{(In1700-p)/ o) o -@{(In900-p)/ o} o ]

800 [ 1- ®{{In 1700 - )/ o ]

+*

e?[® (-1.28) — @ (-1.599)] — 900[® (0.72) — @ (0.4)] + BOO[1- @ (0.72)]
= e#(0.10027-0.05491) - 900(0.76424-0.65542) +800(1-0.76424)
=135.216-97.938+188.608

= 225.886
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We need to find the parameters of the Gamma distribution, say a and A
Then

EQ) _ h_,_50_,
Var(X) afﬂ 25
And hencea = E(X)+* A=50+2 =100
The posterior distribution is given by:
f(By]x) e f(x|6,)* f(8,)

o [n?ﬂ_ g~0 9:11} * E:rli-le-.lﬂl

L]
o e-(l+5}£15:‘+2f=1“11'1

Which is the pdf of a gamma distribution with parameters

5
R+ZH1J: =100+ 232 = 332
i=1
AndAd+5=7
Under quadratic loss the Bayes estimate is the mean of the posterior distribution. 5o we have an
estimate of 332/7 =47.43

ii)

We have
B 232
™=
_ _ 260
2= 5
145
flg = —

37 5
This gives 1 = w = 42.4667
s 4 g

Z(nij-ﬁl)z = Znij - EZnij'ﬁi +5‘ﬁ.§

J=1 I=1 =1

=11,434-2%232 * 46.4 + 5*46.42

= 669.2

Similarly,

5 5 5

Z(“zi 'ﬁz}z = Z”zj 'Ezﬂzj 71y + 5713

J=1 J=1 i=1

= 14028 - 2* 260 * 52.0 + 5*52?

=508
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5 5

5
Z(ngj _ﬁ3}2= anj —EZn3j*ﬁ3 +5*ﬁ%

J=1 J=1 Jj=1
=4399 = 7* 145 * 290 + 5*29¢
=194

So

E(s%(0)) =~ * 1 * (669.2 + 508 + 194) = 114.2667
3 4

Var(m(8)) = - * ((46.2-42.4667)+ (52-42.4667)" + (29-42.4667)?) - <+ 114.2667
=121

So
5
7= —m=== 0.8411
Bb————

121

So expected claims for next year are:

Cat 10.1589 x 42,4667 + 0.8411 x 46.4 = 45.78
Cat 20.1589 x 42.4667 + 0.8411 x 52 =50.49
Cat 30.1589 x 42.4667 + 0.8411 % 29=31.14

(i) The main differences are that:

- The approach under (i) makes use of prior information about the distribution of 81 whereas the approach in
(ii) does not.

- The approach under (i) uses only the information from the first category to produce a posterior estimate,
whereas the approach under (ii) assumes that information from the other categories can give some
information about category 1.

- The approach under (i) makes precise distributional assumptions about the number of claims (i.e. that they
are Poisson distributed) whereas the approach under (ii) makes no such assumptions.

(iv) The insurance policies were newly introduced 5 years ago, and it is therefore likely that the volume of
policies written has increased (or at least not been constant) over time. The assumption that the number of
claims has a Poisson distribution with a fixed mean is therefore unlikely to be accurate, as one would expect
the mean number of claims to be proportional to the number of policies. Let P; be the number of policies in
force for risk i in year j.

Then the models can be amended as follows: The approach in (i) can be taken assuming that that the mean
number of claims in the Poisson distribution is P;8; . The approach in (i) can be generalised by using EBCT
Model 2 which explicitly incorporates an adjustment for the volume of risk

10.
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i)
L=[];2[0.5 o X0.4%Xx;"5X (0.4 * ;%) *+V] X [P[X > 234]]

10
051 X o1 x0.410%X [.° [x,°5) xn 0.4 + x,°5] "<+ y—22__
i=1

Tee

0.4+2340.5

10
oc oc10 X0.419%x0.40.025 5?“)(1_[ [0.4 + x;*3]~(<+D)
i=1

= In L 10Ino< + 10 In(0.4) — (o< +1) 320, In(0.4 + x;°°) + 7 « In(0.0255)

= 10Ino¢ - 0.9163X100¢ —25.68 ¢ — 26.47
=10Inx - 61.31c

> SE=2-6131=0
= «=0.1631
d?lnl. —10 0
do? . o
ii) Median=217
04 o _
e I-(D.4+21?D-5) =05
04 .o _
= lin.at+217'ﬂ--‘-) =05
= (0.02643)% = 0.5
o = 0.1907

(i) The method of percentiles using median assumes is a more robust way to estimate the parameters as it
assumes that the population has equivalent median to that observed in the sample. While on the other hand,
the Maximum Likelihood Estimator is a more efficient way as it makes more stricter assumptions of full density.
It estimates the most likely underlying parameters of the distributions. This inherent basis of the two methods

leads to difference value of ' « " in the above parts.

11.

i) Sample mean = (16.4 +17.3 +16.7) / 3=16.8
Prior mean = A/B =15/1 =15 (formula from Tables)
Credibility factor Z = 3/(3+1) = 0.75

Credibility estimate = Z *16.8 + (1-2) * 15 =16.35

(ii) The variance of the gamma distribution is mean / B. Reducing the B parameter while keeping the mean
constant increases the variance, reflecting greater uncertainty.
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(iii) Revised credibility factor Z = 3/3.2 = 0.94 (approx.)
Revised credibility estimate = 0.94 * 16.8 + 0.06* 15 = 16.69

12.

(i) The completed table is

Loss Table Reinsurer's loss Insurer’s Loss
Claims 1| 2 | 3 1 2 3
0 0 -10 -20 -60 =50 -40
150 0 -10 17.5 a0 100 72.5
200 0 40 30 140 100 110
250 0 a0 425 190 100 147.5

(ii) If no claim- arrangement 1 gives the best result
If claims is 150- arrangement 3 gives the best result

If claim is 200 or 250 - arrangement 2 gives the best result
So the strategy for Reinsurance depends the claims and not dominated by any one.

(iii) The maximum losses for insurer are

1.190
2.100
3.147.5

So lowest loss is for arrangement 2 so the arrangement 2 is the minimax solution.

13.

(i) Mean and Variances of policies

Unit1 & 2

ASSIGNMENT SOLUTION




Policy Number (i) X s?
1 4,061 6,252
2 4,366 6,359
3 4274 6,216
4 4,484 6,121

E[m(B)] = Overall mean = 4296.25
E[s%(8)] = Mean of the variances = 6237

Varlm(8)] =3 X (% — 1) — 5 [3 Bt 3 e (g — %)

=§ [(4061 — 4296.25)% + (4366 — 4296.25) + (4274 — 4296.25)% + (4484 —

4296.25)?] — 7 x 6237

= 29,905

. - , 3
The estimated credibility factor is Z=—== =0.935
It—

29905

Thus, the credibility premium for Policy Number 4 is
=0.935 x 4,484 + 0.065 x 4296.25 = 4,471.8

(i) EBCT Model 2 can be used with risk volumes P(i,j) for each policy number for each year. P(i,1) = 1, P(i,2)=1/1.2
and P(i,3)=1/1.2"2

(Alternate solution: Adjust year-wise figures to bring it year 3 level. Multiply 1.2°2 to year 1 and 1.2 to year 2.
And then apply the EBCT Model 1to adjusted on-level figures.)

Data Required: Year wise data will be required since only totals are given.

(iii) Policy number 1 has a lowest mean. Removing it will reduce the variance of means, var[m(6)]. The variance
of policy number is similar to other policies and close to overall mean of variance.

Thus, E(s 2 (8)] will remain similar and won’t change much. Hence, proportionately smaller var[m(8)] will lead
to reduction of credibility factor.

14.
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i) L(p) = constant * p~x*(1-p)*(n-x)
logL(p) = constant + x logp+ (n-x)log(1-p)
Taking derivative w.r.t. p
logL’(p) = x/p — (n-x)/(1-p)
Equatingto 0
x(1-p)-(nx)p=0
X—Xxp—-np+xp=0
p=x/n

OR (if instead of “n”, 5000 is substituted):

L(p) = constant * pAx*(1-p)*(5000-x)

logL(p) = constant + x logp+ (5000-x)log(1-p)
Taking derivative w.r.t. p

logL'(p) = x/p — (5000-x)/(1-p)

Equatingto 0

X(1-p)-(5000-x)p =0

X—xp—5000p+xp=0

p = x/5000

i) f(p)=1/(1-0)
Let posterior distribution of p be denoted by P(p)

P(p) a L(p) * f(p)

P(p) a px*(1-p)*(n-x) * 1

P(p) o pA(x+1-1)*(1-p)*(n-x+1-1)

Therefore, the posterior distribution is beta distribution with parameters x+1, n-x+1

OR if instead of “n”, 5000 is substituted, posterior distribution would be beta distribution with parameters x+1,
5001-x+

(i) p = 200/500 = 0.4

(iv) Under quadratic loss, the Bayesian estimator is the expectation of the posterior distribution. In this case, p
= (200+1)/ (200+1+500-200+1) = 201/502 = 0.4004

(v) The two estimates are almost equal, this is because the impact of prior distribution is very limited and the
Bayesian estimator is mainly determined by the actual data
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vi)

Posterior mean can be written in credibility form as:

p= (x+1)/(n+2)

p=x/(n+2) + 1/(n+2)

=x/n* n/(n+2) + 2/(n+2) * (1/2)

=E(X) *Z+E(p) * (1-2)

Where E(X) = x/n and E(p) = 2 and Z = nf(n+2) = 500/502
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