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We’ve previously learnt about a few models and the way crude mortality rates are modelled. Now we’ll try to 
refine them for our use.

Crude Rates against Age



Graduation
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The crude mortality rates derived from a mortality investigation will not be the final rates that are published for use 
in actuarial calculations. The rates will have to pass through a further process called graduation. Graduation results 
in a ‘smoothing’ of the crude rates.

The aims of graduation are: –
• To produce a smooth set of rates that are suitable for a particular purpose.
• To remove random sampling error.
• To use information available from adjacent ages

Graduation is a technique used to get a smooth and justifiable mortality rates. (which is also called as Graduated 
Mortality Rate).



Need for graduation
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Need for graduation
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While theoretical arguments provide a good reason to graduate rates, the real reason why all companies perform 
graduation is not theoretical but practical reasons.

Practical argument: 
• Mortality data is that which we will use in the life tables to compute financial quantities, such as premiums for 

life insurance contracts.
• It is very desirable that such quantities progress smoothly with age, since irregularities (jumps or other 

anomalies) are hard to justify in practice.
• Before applying the mortality rates to any financial problem, we need to consider their suitability. Thus we need 

to make comparisons with standard tables and other experiences. It is often the case that a mortality 
experience must be adjusted in some way before use, in which case there is little point in maintaining the 
roughness of the crude estimates.



Where it all began!!
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Actuaries have had a very long association with smoothing. The Gompertz model (Gompertz, 1825) could be 
considered an early smoothing method, albeit a very simple one.
Makeham’s extension (Makeham, 1860) of the Gompertz model improved the fit to mortality tables, but neither 
model was sufficiently flexible to be applicable outside a limited age range, say 40 to 90.
There were many other efforts, all grouped under the general heading of mathematical formulae, of which Perks 
(1932) is perhaps the best known. The basic idea is that adding a parameter will improve the fit, so we have the 
Gompertz model with two parameters, Makeham’s with three and the two Perks formulae with four and five 
parameters.
English Life Tables No. 11 and No. 12 were graduated using a mathematical formula with seven parameters.



Assumptions
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Comparison with other experiences
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• In mortality investigations and insurance studies, we often need to keep a check on the consistency of our data 

with other known experiences. It is important to see whether our recent experience is consistent with past 
experiences or with published life tables.

• By consistency, we cover two concepts: the shape of the mortality curve over the range of ages and the level of 
mortality rates.

Comparison with Standard tables.

• Published life tables based on large amounts of data are called standard tables. These mortality tables use a 
large number of factors to predict the likelihood of death in an individual. Mortality tables are used heavily by 
insurance companies.



Procedure to test comparison
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Desirable features and issues of Graduation
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• We need to make a balance between smoothing and adherence to data. At one extreme, we could easily 
smooth the crude estimates by ignoring the data altogether; we want to avoid such extremes since we want 
the graduation to be representative of the experience.

• If the graduation process results in rates that are smooth but show little adherence to the data, then we say that 
the rates are over-graduated.

• If insufficient smoothing has been carried out then it is called under-graduation.

Three desirable features of a graduation are: – 
i. Smoothness

ii. Adherence to data
iii. Suitability for the purpose to hand



Desirable features and issues of Graduation
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• Smoothness and adherence to data are usually conflicting requirements. Perfect smoothness (extreme 
example: a straight line) pays little or no attention to the data, while perfect adherence to the data means no 
smoothing at all. 

• Over graduation  - If the graduation process results in rates that are smooth but show little adherence to the 
data, then we say that the rates are overgraduated. The graph in Graduation A (see above) is very smooth, but it 
tends to overestimate the crude rates at the younger ages and underestimates them at the older ages. 

• Under graduation – Graduation where insufficient smoothing has been carried out. This will tend to produce a 
curve of inadequate smoothness, but better adherence to data. The graph in Graduation B (which uses the 
same data as Graduation A) adheres very closely to the crude rates, but it twists and turns erratically 



Testing for Smoothness
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• The achievement of smoothness is one of the main purposes of graduation. The ‘art’ of graduation lies in finding 

a satisfactory compromise between smoothness and adherence to data.

Smooth Graduation
• Mathematical smoothness is usually defined in terms of differentiability, but this is of little use in graduation 

work because many functions that misbehave wildly between integer ages are nevertheless differentiable 
many times.

• The test for smoothness will be used as a check for undergraduation. 



The test
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The criterion for the graduated rates to qualify the smoothness test is that the third differences should:
• be small in magnitude compared with the quantities themselves; and
• progress regularly.

 



Question 1
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Compare the smoothness of the rates in Graduations A and B over the age range 30 to 35:
Looking at the graph in the next slide, also comment about undergraduation and overgraduation of rates



Solution
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For A, the third differences are very small, which indicates that the graduated rates are very smooth.
The third differences are larger for Graduation B than for Graduation A (especially when x = 30 ) and they progress 
in a less regular manner. This indicates that Graduation B is not as smooth as Graduation A.



Graduation A
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Graduation B

19

 



Statistical tests for testing graduation
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Chi-Squared Test
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Question 2
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Perform the Chi Square Goodness of Fit test on the below data

Age Crude Rates Central Exposed to 
Risk

Graduated Rates

41 0.02 100 0.022

42 0.03 200 0.0305

43 0.033 150 0.034

44 0.067 120 0.068

45 0.07 100 0.075

46 0.075 100 0.08

One – parameter estimation has been performed to calculate the graduated rates.

Do you see an issue with your conclusion in the above test? If yes, what?



Limitations of Chi-Squared Test
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Question
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Apply the chi-squared test to Graduation A.



Solution
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Deviations and standardized deviations

26

9.3
 



Standardized deviations test
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Standardized deviations test
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In this example, the expected numbers are:

Interval (-3,-2) (-2,-1) (-1,0) (0,1) (1,2) (2,3)

Expected 
number

0 0.02m 0.14m 0.34m 0.34m 0.14m 0.02m 0



Standardized deviations test
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Question
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Analyse the distribution of the standardised deviations 
for Graduation A.



Solution
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The observed and expected numbers in each range are shown in the table below.

There are only 7 values in the range ( -2/3,2/3) . So, there appear to be too few values in the centre of the 
distribution and too many in the tails. This might indicate overgraduation (an inappropriate graduation formula) or 
the presence of duplicates.
The distribution of the standardised deviations is fairly symmetrical, with 10 positive and 10 negative values. So 
there is no evidence of bias in the graduated rates.



Signs test
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Question
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State the conclusion that can be drawn from an 
examination of the signs of the deviations for 
Graduation B.



Solution
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Cumulative Deviations test
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Question
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State the conclusion that can be drawn from applying 
the cumulative deviations test to the whole age range 
of Graduation A.



Solution
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Grouping of Signs test

38

9.7
 



Question
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Test Graduation A for overgraduation using the 
grouping of signs test.



Solution

40

 



Serial Correlations test
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Question
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Carry out the serial correlation test at lag 1 for 
Graduation A.



Solution

43

 



Question 3
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A graduation of the mortality experience of the male population of a region of the United Kingdom has been 
carried out using a formula with 3 parameters. The following is an extract from the results.



Question 3
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Continued…

i. Use the chi-squared test to test the adherence of the graduated rates to the data. State clearly the null 
hypothesis you are testing and comment on the result.

ii. Perform two other tests that detect different aspects of the adherence of the graduation to the data. For each 
test state clearly the features of the graduation that the test is able to detect, and comment on your results.
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Continued…
Grouping of signs test
• This is a one-tailed test that detects clumping of deviations of the same sign.
• The observed number of positive deviations is 5, and the observed number of negative deviations is 4.
• From the Tables, we find that the critical value is 1 and we reject the null hypothesis if the observed number of 

positive runs is less than or equal to this.
• The observed number of positive runs is 2, so we do not reject the null hypothesis in this case, and we 

conclude that there is no evidence of grouping of signs.



Solution
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Methods for Graduation

52

10
• The process of graduation can be done using different methods.

• We will look at three methods of carrying out a graduation:
▪ graduation by parametric formula
▪ graduation by reference to a standard table
▪ graduation using spline functions.

• The most appropriate method of graduation to use will depend on the quality of the data available and the 
purpose for which the graduated rates will be used.

• We will look at these methods in the next chapter



Recap
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• Graduation is a technique used to get a smooth and justifiable mortality rates. (which is also called as 
Graduated Mortality Rate).

• The aims of graduation are: –
• To produce a smooth set of rates that are suitable for a particular purpose.
• To remove random sampling error.
• To use information available from adjacent ages

• In mortality investigations and insurance studies, we often need to keep a check on the consistency of our data 
with other known experiences. It is important to see whether our recent experience is consistent with past 
experiences or with published life tables.

• By consistency, we cover two concepts: the shape of the mortality curve over the range of ages and the level of 
mortality rates.

• Three desirable features of a graduation are: – i. Smoothness; ii. Adherence to data & iii. Suitability for the 
purpose to hand.

• We need to make a balance between smoothing and adherence to data. At one extreme, we could easily 
smooth the crude estimates by ignoring the data altogether; we want to avoid such extremes since we want 
the graduation to be representative of the experience.

• If the graduation process results in rates that are smooth but show little adherence to the data, then we say that 
the rates are over-graduated.

• If insufficient smoothing has been carried out then it is called under-graduation.



Continued…
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• Chi-squared test is a test for the overall fitness of fit. It can be used to assess whether the observed numbers of 
individuals in a specified categories are consistent with a model that predicts the expected numbers in each 
category.

• Standardized deviations test- The test looks at the distribution of the values of the standardized deviations.
• The signs test is a simple test for overall bias. In other words, this test checks whether the graduated rates are 

too high or too low.
• The cumulative deviations test detects overall bias or long runs of deviations of the same sign.
• Grouping of signs test is used mainly to test for over graduation.
• Serial correlations test tests for clumping of deviations of the same sign. If clumping is present, then the 

graduation has the wrong shape. 


