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Today’s  Agenda
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1. Introduction to Graduation
1. Why Graduation

2. 3 Methods of Graduation

1. Graduation by Parametric Formula

1. Graduation By reference to a Standard table

1. Graduation using Spline functions

1. Comparison of the 3 methods
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1 Introduction
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1.1 Why Graduation

Why do we want smoothed estimates?
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2

The three methods of graduation are:

1. Graduation by parametric formula

1. Graduation by reference to Standard table

1. Graduation using Spline functions

Most appropriate method will depend on quality of data and purpose of graduation

3 methods of Graduation
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3 Graduation by Parametric Formula

• The method of graduation most often used for reasonably large experiences is to fit a parametric formula 
to the crude estimates.

• 𝜇x – modelled using a mathematical formula.

• Lower no. of parameters -> Formula is not flexible enough to follow crude rates.

• Higher no. of parameters -> Formula is not smooth enough.
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3 Graduation by Parametric Formula
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4 Graduation by reference to a standard table

A “standard table” means a published life table based upon sufficient data to be regarded as reliable (for 
appropriate applications). Examples include national life tables based on a country’s entire population (e.g. the 
English Life Tables)

When and Why do we use this method?

A standard table will always be based on a well-defined class of lives, although this does not mean the class of 
lives will be perfectly homogeneous. If we are given the mortality experience of a similar group of lives, we might 
reasonably suppose that it should share some of the characteristics of the experience underlying the standard 
table, such as its overall shape. This is useful if we do not have much data from the experience in which we are 
interested
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4 Graduation by reference to a standard table
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4 Graduation by reference to a standard table
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5 Graduation using Spline functions

An alternative approach to graduation is to use spline functions. These are polynomials of a specified degree 
which are defined on a piecewise basis across the age range. 
The pieces join at knots, where certain continuity conditions for the functions themselves and their derivatives 
are required

The method may be illustrated using cubic splines, or polynomials of degree 3, which are commonly used. They 
were used, for example, to graduate English life Table 14 (1980–82). Similar, but more complex methods, have 
been used to graduate more recent English Life Tables. For example, English Life Table 17 (2010–2012) used a 
linear combination of basis splines and a penalization term to control the smoothness of the resulting fit.
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5 Graduation using Spline functions

This leads to the following form for the natural cubic over the whole age range



13

5 Graduation using Spline functions

Graduation process:

Steps:

1. Make decisions about knots (age groups)
- not necessary to be equally spaced

2. Preliminary calculations – calculate Φj(x)

2. Estimate parameter values
- Values of 𝛼0 , 𝛼1 , 𝛽1 𝛽2 𝛽3 ….. 𝛽𝑛are determined using weighted least squares method.

2. Calculate graduated rates

2. Test
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Question

CT4 September 2012 Q8

(i) Describe a situation when graduation of raw mortality data using a parametric formula might be 
appropriate and explain why. [2] 

(i) (a) State another method of graduation. 
(b) Suggest a situation in which its use may be appropriate. [1] 
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Solution

(i) When preparing standard tables OR when graduating data from a large industrywide scheme, or 
a national population because there will be lots of data available. 

(i) (a) Graduation with reference to a standard table 

(b) Graduation with reference to a standard table is useful if data are scanty and a suitable 
standard table exists (e.g., for female pensioners from a small scheme). 
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6 Comparison of the 3 methods

First, we note that the three methods of graduation described above by no means cover all possible methods. 
We take parametric formula graduation to be an example of approaches used with reasonably large data 
sets, and the other two to be examples of methods used with smaller data sets. 
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6 Comparison of the 3 methods
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6 Comparison of the 3 methods

Standard Table

• It can be used to fit relatively small data sets where a suitable standard table exists.

• Provided a simple function is chosen and the standard table is smooth to begin with, a smooth graduation 
should result. 

• The collateral information obtained from the standard table can be particularly useful in deciding the shape 
of the graduation at the extreme ages, where there might be little or no data. 

• The method is not suitable for the preparation of standard tables based on large amounts of data. 

• The choice of standard table is important; choosing an inappropriate table could impart the wrong shape to 
the entire graduation. 

• It is not always easy to choose an appropriate standard table. 



19

6 Comparison of the 3 methods

Spline Functions

• Provided the number of knots is small, the graduation will usually be smooth. 

• Alternative graduations can be tried by varying the number and position of the knots. 

• The method is suitable for quite small experiences as well as very large experiences (such as national 
populations). It can also be used to produce standard tables. It is, however, not suitable for very small 
experiences with scanty data at many ages. 

• It is not easy to choose the knots, and experiments with different numbers and locations are likely to be 
needed.

• Care is required at extreme ages where data can be scanty. With a natural cubic spline, the form of the 
curve above the highest knot is linear. Therefore, the fit at the oldest ages can be quite poor and need 
adjustment.
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Question

CT4 September 2007 Q5

(i) Explain why crude mortality rates are graduated before being used for financial calculations. [3] 

(i) List two methods of graduating a set of crude mortality rates and state, for each method: 
(a) under what circumstances it should be used; and 
(b) how smoothness is ensured [4] 
[Total 7]
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Solution

(i) We assume that mortality rates progress smoothly with age. Therefore, a crude estimate at age x carries 
information about the rates at adjacent ages, and graduation allows us to use this fact to “improve” the 
estimate at age x by smoothing. 

This reduces the sampling errors at each age. It is desirable that financial quantities progress smoothly with 
age, as irregularities are hard to justify to clients.
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Solution

(ii)Two methods:

By parametric formula: 
Should be used for large experiences, especially if the aim is to produce a standard table; 
Depends on a suitable formula being found which fits the data well. 
Provided the number of parameters is small, the resulting curve should be smooth.

With reference to a standard table:
Should be used if a standard table for a class of lives similar to the experience is available, and the experience 
we are interested in does not provide much data. 
The standard table will be smooth and;
provided the function linking the graduated rates to the rates in the standard table is simple, this smoothness 
will be “transferred to the graduated rates”. 
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