Statistical and Risk Modelling-1
Assignment 2
Jash Dattani
Roll No: 27


1) The mortality rates, as evident from the large experiences, are believed to vary smoothly with age; therefore, the crude estimate of mortality at any age carries information about the mortality rates at adjacent ages.
By smoothing the experience, we can make use of data at adjacent ages to improve the estimate at each age.
This reduces the sampling (or random) errors.
This mortality experience may be used in financial calculations. Irregularities, jumps and anomalies in financial quantities (such as premium rates under life insurance contracts) are hard to justify to customers.
The main limitation in mortality investigations that graduation will not be able to overcome is to remove any bias in the data arising from faulty data collection or otherwise.

2) 3 main aims of graduation are:
i) To produce a smooth set of rates that are suitable for a particular purpose.
ii) To remove random sampling errors.
iii) To use the information available from adjacent ages.
The three main features of graduation are:
i) Smoothness.
ii) Adherence to data.
iii) suitability for the purpose in hand.

3)  
i) The crude mortality rates derived from the data will progress more or less roughly. However, it is expected that mortality rates would be smooth functions of age. Hence it follows that a crude estimate at any age ‘x’ also carries information about the mortality rates at age ‘x-1’ and ‘x+1’.
Graduating the crude rates will enable this information to be captured, thus resulting in the mortality rates progressing smoothly over age.
The mortality rates would be used in computing premium rates/annuity rates. If the underlying mortality rates do not progress smoothly, then the derived premium rates etc would also fluctuate randomly, which would be difficult to understand/explain to potential customers.
The purpose of graduation is:
· To produce a smooth set of rates that are suitable for a practical purpose.
· To remove random sampling errors.
· To use the information available from adjacent ages.
ii) The methods used for graduation are:
· Graduation by parametric formula.
· Graduation by reference to a standard table.
· Graphical graduation.
iii) The null hypothesis is that the graduated rates represent the mortality of the members in the pension scheme.

	Age Group
	Pensioners
	Actual Deaths
	Exp Deaths
	Stddevn
	zx2

	50-54
	37259
	248
	227.28
	1.3786
	1.900553

	55-59
	28057
	392
	367.55
	1.2839
	1.648501

	60-64
	25654
	680
	672.13
	0.3074
	0.094513

	65-69
	20475
	987
	997.13
	-0.3290
	0.108234

	70-74
	16219
	1380
	1360.77
	0.5445
	0.296513

	75-79
	11843
	1625
	1584.59
	1.0906
	1.189511

	80-84
	7535
	1564
	1487.57
	2.2121
	4.893339

	85-89
	3294
	925
	891.36
	1.3195
	1.740956

	90+
	450
	130
	155.48
	-2.5254
	6.377613


The number of age-groups is 9. As the graduation has been done with reference to a standard table, some degrees of freedom are lost.
So, m < 9, say m = 8
Hence, we reject the null hypothesis.
[image: ]
iv) Any two from the below:
Signs Test- The signs test checks for any overall bias, whether the graduated rates are too high or too low.
The number of positive signs (or negative) is a Binomial distribution B (9,0.5). There are 7 positive deviations and the probability of obtaining 7 or more positive signs is 0.01953 and since this is lower than 2.5%, we reject the null hypothesis and conclude that the graduated rates do not adhere to the data.
Individual Standardized deviations test- The Individual Standardised Deviations tests looks for individual large deviations at particular ages.
If the graduated rates were the true rates underlying the observed rates, we would expect the individual deviations to be distributed Normal (0,1) and therefore only 1 in 20 zxs should have absolute magnitudes greater than 1.96. Looking at the zxs we see that there are 2 deviations higher than 1.96 and hence we reject the null hypothesis that the graduated rates are the true rates underlying the crude rates.

v) The graduated rates are below the crude mortality rates for most of the ages, the exceptions being 65-69 and 90+ age group.
Since the graduated rates under-estimate, the actual mortality experience, use of the graduated rates may result in over-provisioning of the annuity liabilities under the pension scheme.

4)  
a) Cumulative deviations test
H0 = the standard table rates are the true underlying mortality rates for the term assurance policyholders
We first calculate the individual deviations using the formula:


[image: ]
=-2.07
Under the null hypothesis, this has a normal distribution. Since this is a two-tailed test, we compare the test statistic, at 95% confidence level: |-2.07| > 1.96. Therefore, we reject the null hypothesis and conclude that the standard table rates do not adequately reflect the true mortality rates for the term assurance policyholders.

5)  
i)  
a) Maximum smoothness would be achieved by ignoring the plotted estimated rates and drawing a graduation curve which is very smooth, e.g., straight line. The deviations between the rates read from such a curve and the observed rates are likely to be very large. The graduation curve will be very smooth but have poor adherence to data.
On the other hand, joining up a plot of the estimated values will give perfect adherence to data but is likely to produce a curve with rapidly changing curvature which would not satisfy the smoothness criteria.
b) Graduation aims to resolve these conflicts by striking a fair balance between the adherence to data and smooth progression of rates.
Graduated rates can be obtained by many methods, some ensure smoothness, e.g., graduation by a mathematical form (the chosen functional form will ensure smoothness), reference to a standard table (a simple relationship with an already smooth set of standard table rates will ensure smoothness). In this case the graduated rates just need to satisfy tests of adherence to data.
Graphical graduation does not ensure smoothness, so graduated rates must be checked for smoothness and adherence to data. The graduation process must be repeated until both criteria are satisfied.
ii) By rearranging we get
loge(qx/px) = a+b*x
(qx/px) = exp (a+b*x)
qx/(1-qx) = exp (a+b*x)
qx = 1/(1+exp(-(a+bx)))
[image: ]
Chi-square value: 8.22
However, we have used two estimated parameters. So, the number of degrees of freedom to use is 5-2 = 3. The upper 5% point of chi square (3) distribution is 7.815. So, on the basis of chi square test, our hypothesis of good fit is rejected.

6)  
a) The low volume of data is the principal problem in the given situation, hence;
· The crude rates may not be suitable for the purpose.
· There are random sampling errors.
· The rate at a particular age cannot be linked to the rates at adjacent ages.
· Rates will not progress smoothly from age to age which allows a practical smooth set of premium rates to be produced.





b)  
[image: ]

Null Hypothesis: H0: Χ has a Chi Square distribution 
The observed value of Χ is 4.98
The degrees of freedom are equal to the number of age groups less some allowances for the method of graduation. So, degree of freedom is 9 (Max).
This is a one-sided test. Upper 5% point of Chi Square distribution exceeds the observed value 4.98 for all degrees of freedom (<= 9) except one. There is insufficient evidence to rejectH0.




7) Lee Carter Model –
It is described as a parsimonious model since it does not require subjective judgment or causes of death. Since it incorporates period (in years) and age mortality dynamics, the modelling mortality is based on past trends in age and time. The formulation of the Lee-Carter model is as follows: 
[image: ]
where β (1) x represents the general tendency in mortality for different ages or age bands, and β (2) x shows the rate of change in the central rate of mortality with respect to changes in k (2) t which can be proved by taking the derivative of ln(mx,t) with respect to time, t. The mortality index, k (2) t , demonstrates the period effect which is the relationship between time-dependent events and mortality rates, and the error term, εx,t takes into consideration the random historical fluctuations not captured by the model. The εx,t is assumed to be an independent and identically distributed Gaussian random variable with mean 0 and variance σ^2
Lee and Carter estimate the parameters by imposing two constraints on β (2) x and k (2) t to avoid the identification issue that arises when there is more than one solution to a parameter estimate. Uniqueness of parameters is therefore ensured. β (2) x is thus summed to unity and the summation of k (2) t is brought to zero.


8)  
i) H0: Standard mortality table represents the true underlying mortality rates of the experience.
[image: ]
a) If H0 is true, the Chi-squared statistic will follow the χ^2 sampling distribution.
Since we are an experience with a standard table, the degrees of freedom = 11 Observed values of χ^2 = 2.295
Tabular value of χ^2 for upper 95% point = 19.68
The observed value of test statistic is less than 5% significance point. Hence, there is no evidence to reject the null hypothesis.
b) If H0 is true test statistic Z(c) ~ N (0, 1)
Here, observed value of Z(c) = -8.12/√599.12 = -0.332 
This is a two-tailed test. We compare the value of statistic with the upper and lower 2.5% points of N (0,1). As -1.96 < -0.332 < 1.96, there is insufficient evidence to reject the null hypothesis.
c) If H0 is true:
[image: ]
Number of groups of positive signs = 4
Number of positive signs = 4
Number of negative signs = 7
From the table, we can find that the value for k for which
[image: ]
Where n1=4; n2=7 & m=4+7=11
The tabular value of k is 1 which is less than number of groups of signs and
hence there is no evidence to reject the null hypothesis.

9)  
i) The hypothesis requires the expected claims to be calculated based on the observed mortality experience in the last year.
E(A_LY) = observed mort rate (LY) * Exp_risk_CY = Deaths_LY/Exp_risk_LY * Exp_risk_CY
This requires the exposed to risk at each age. As the exposed to risk is not directly available the expected deaths based on actual experience in last year can be derived as
E(A_LY) = Deaths_LY/(Exp_risk_LY * std_mort_rate) *(Exp_risk_CY * std_mor_rate) = Deaths_LY/Exp_deaths_LY * Exp_deaths_CY
[image: ]
There are 7 ages. Hence the degrees of freedom is 7.
The upper 95% for X2 7for 7 degrees of freedom is 15.5. The observed value is 58.6 which is much higher than this, hence the hypothesis is rejected.

10) The null hypothesis is that the graduated rates are the same as the true underlying rates for the block of business.
[image: ]
The number of age groups (n) is 10, but we lose at least one number of degrees since we are comparing our data with a set of graduated data derived from our data, perhaps 2. So, the number of degree of freedom is 8.
The critical value of the chi-squared distribution with 8 degrees of freedom at the 5% level is 15.51.
Since 2.9657 < 15.51
We do not reject the null hypothesis.
11)  
i) Role of Graduation in producing life table:
· Produce smooth set of results that are suitable for a particular purpose.
· Remove the random sampling errors.
· Use the information available from adjacent ages to improve the reliability of estimates. This is particularly important at the older ages where exposure numbers are small and data are sparse.
Procedure for graduating the rates:
· Choose a method of graduation. The preferable method is the graduation by parametric formula as the availability of data is large.
· Then select a statistical model to provide the graduated rates. This step involves selecting a graduation formula and determine the parametric values and then calculate the graduated rates.
· Test the graduated rates – the graduated rates must be compared with original data to see if they are acceptably close according to some graduation tests. Some general checks like whether mortality of male at a particular age is higher than the mortality of female at that age can also be performed in this stage.
· The process will be repeated with different models and/or with different number of parameters till we reach a suitable level of graduated rates. The final choice will be influenced by the level of goodness of fit (adherence to data) required against the smoothness required in the rates produced. As the purpose is to produce a national life table for general use, the balance will be tilted towards goodness of fit.
ii) Shape of the mortality curve over the range of ages and the level of mortality rates.
iii) This is a test for over graduation. The above test detects grouping of signs of deviations. It does this by analysing the relationship between the deviations at nearby ages taking into account the magnitude of the values. This test will address the problem of the inability of the chi square test to detect excessive clumping of deviations of the same sign.






iv) 
[image: ]
[image: ]
zₓ is calculated using the formula zₓ = (A-E) / SQRT (E) derived from the Poisson Distribution assumption.
[image: ]
And the T ratio is r₁ * Sqrt (11) = 1.83
The T Ratio is positive which suggest that the rates are over graduated and value 1.83 < 1.96 and hence we do not reject the Null Hypothesis that the graduated rates are the true rates underlying the observed data.

12)  
a) Signs Test- The number of positive signs is 8 and negative is 12. The number of signs is Binomial (20,1/2). The probability of obtaining 8 positive signs in 20 observations is 2 * 0.2517, which is higher than 5%. Hence there is no evidence to reject the graduated values.
b) Grouping of signs test: The number of positive deviations is 8 and negative is 12. From the tables, the critical value when n1 is 8 and n2 is 12 is 2. Since we have observed 2 groups of positive deviations, we reject the graduated rates and conclude there is evidence of grouping of deviations of the same sign.

13)  
i) “Under graduation” occurs when too much emphasis is given to goodness of fit. Under graduated rates adhere closely to the crude rates, but the resulting rates do not show a smooth progression from age to age.
“Over graduation” occurs when too much emphasis is given to smoothness. Over graduated rates show a smooth progression from age to age, but the resulting rates do not adhere closely to the crude rates. 

ii) The chi‐squared test is for the overall fit of the graduated rates to the data. The test statistics is ∑ zx^2, where   
[image: ]
However, considering the fact that qx is very small, we redefined the zx as below
[image: ]
The calculations are given in the table below:
[image: ]
The test statistic has a chi‐squared distribution with degrees of freedom given by number of age groups less 1 for the parametric function and further reduction for using the standard table.
The critical value of chi‐squared distribution with 6-degree freedom at 5% level is 12.59.
Since 4.06397 < 12.59, there is no evidence to reject the null hypothesis that the graduated rates are the true rates underlying the crude rates.

iii) Signs test
a) The Signs test looks for overall bias.
b) If the null hypothesis is true, the number of positive signs is distributed Binomial (8, 0.5). From the table, we observe that there are 6 positive signs. Prob (observed number of positive signs <=6) = 1‐ Prob(positive signs >6).
[image: ]
This is greater than 0.025 (two tailed test).
c) We cannot reject the null hypothesis and conclude that the graduated rates are not systematically higher or lower than the crude rates.

Grouping of Signs test
a) The grouping of signs test looks for run or clumping of deviations with the same sign for over graduation.
b) We have total 8 age groups with 6 positive signs and 2 negative signs. There is only one run in this analysis. 
Pr (one positive run) =
[image: ]
This is greater than 0.05 (using one‐tailed test). 
c) We accept the null hypothesis that graduated rates are true underlying the crude rates.

14)  
a) Null Hypothesis Ho: The true underlying rates of withdrawal are the graduated rates.
Chi Square test
[image: ]
Degrees of freedom = 10 – 3(no. of parameters) = 7
Now Pr (X7^2 >= 20.3) = 0.005
The tabulated value with 7 degrees of freedom at upper 5% point is 14.07.
37.07 > 14.07
Hence Ho is strongly rejected.

b) Standardised deviation test
According to the null hypothesis, each standardized deviation should be a random event from a unit normal distribution.
[image: ]
[image: ]
The above is far removed from a unit normal distribution. Hence reject Ho. Graduated rates clearly not a good representation of the crude rates.

c) Sign Test
According to Ho, we would expect that the number of positive deviations to have a binomial distribution with B (10,0.5). Expected no equal to 5.
Above we observe 5 positive and 5 negative deviations. This is acceptable. Hence not enough evidence to reject Ho.
Summary Conclusion:
· Chi squared test and individual standardized deviation tests indicate that, adherence to data at many of individual durations is not acceptable. This is particularly the case at duration 0,2 and 7.
· Satisfactory sign test indicates that the graduation runs centrally through the data.
· Grouping of signs test if carried out would indicate if there are clumps of deviation over wide duration ranges.
· Summing up, it appears that data cannot be adequately represented by a quadratic function. There are severe adherence problems at duration 0-2 and 6-7. Smoothness however is expected to be satisfactory as quadratic function has been fitted.
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