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Statistical and Risk Modelling 1 – Assignment 2

Question 1]
Answer:
· Crude mortality rates are estimated using different approaches such as parametric models, non-parametric model, proportional hazard model, etc.
· One of the major issues that might arise in the estimates of these crude rates is that they might not be smooth enough to be directly used for actuarial and/or financial calculations. 
· Thus, after obtaining the estimates of the crude rates, they undergo the process of graduation. Graduation can be defined as the process of using statistical techniques to improve the estimates provided by the crude rates.
· Theoretical argument to perform graduation:
· It does not make sense that the lives with lower age group have a high mortality rate than the lives with higher age group.
· However, since we are estimating the crude rates for a particular sample, there may be issues like sampling errors that might hinder the desirable trend.
· Hence, in order to remove the sampling errors and make the rates smooth (increasing function of age) we perform graduation.
· Practical argument to perform graduation:
· Let’s say an actuary is pricing life insurance policies on the basis of estimates of crude rates. Since, the crude rates are not smooth, there may be the case that lives with lower age group have high mortality rate than lives with higher age groups.
· Thus, the actuary ideally will set a higher premium for lives with lower age group than the lives with higher age group. But this is practically difficult to justify to the policyholders.
· The main limitation in mortality investigations which graduation cannot overcome:
· Graduation cannot remove any bias from the mortality investigation’s data arising due to faulty data collection process or otherwise.

Question 2]
Answer:
The main aims of graduation are as follows:
1. To obtain a smooth set of rates for a particular purpose.
2. To remove random sampling errors.
3. To use information from adjacent ages.
The main features of graduation are as follows:
1. Smoothness
2. Adherence to data
3. Suitability for purpose to hand.

Question 3]
Answer:
(i)
The company has performed the mortality investigation only on its pensioners. Thus, this sampling may give rise to sampling errors due to which the crude rates won’t be smooth to be used directly for calculating provision benefit under the pension scheme. Thus, in order to make the mortality rates smoother, the company needs to perform graduation.
Also, in order to use the information from adjacent ages in order to estimate the mortality rate at a particular age, it may not be possible with crude rates but can pe performed using graduated rates.
The main aims of graduation are as follows:
1. To obtain a smooth set of rates for a particular purpose.
2. To remove random sampling errors.
3. To use information from adjacent ages.
(ii)
The different methods used for graduation are as follows:
1. Graduation using parameters.
2. Graduation by reference to standard table.
3. Graduation using spline functions.
(iii)
Chi-squared test
H0: The graduated rates represent the mortality of the pensioners 
                                          Vs
H1: The graduated rates do not represent the mortality of the pensioners.


	Age group
	Pensioners
	Actual Deaths
	Expected Deaths
	Standard deviation


	

	50-54
	37259
	248
	227.28
	1.3786
	1.900538

	55-59
	28057
	392
	367.55
	1.2839
	1.648399

	60-64
	25654
	680
	672.13
	0.3074
	0.0944948

	65-69
	20475
	987
	997.13
	-0.3290
	0.108241

	70-74
	16219
	1380
	1360.77
	0.5445
	0.2964803

	75-79
	11843
	1625
	1584.59
	1.0906
	1.1894084

	80-84
	7532
	1564
	1487.57
	2.2121
	4.8933864

	85-89
	3294
	925
	891.36
	1.3195
	1.7410803

	90+
	450
	130
	155.48
	-2.5254
	6.3776452


 

We know,

Therefore,

If m = 9 considering the number of age groups,


Since, 18.24967 > 16.92, we have sufficient evidence to reject our null hypothesis at 5% level of significance even when the degrees of freedom are less than 9.
Thus, we conclude that the graduated rates do not represent the mortality of the pensioners.
(iv)
The two other tests that may help in deciding the appropriateness of graduation are:
1. Individual standard deviations test
2. Signs test
 Individual standardised deviations test
H0: There is no bias in the graduated rates
                          Vs
H1: There is bias in the graduated rates
In the case of the of the standardised deviations,
We should be concerned about the presence of more than 1 absolute value above 2 and any absolute value above 2.5.
Here, we have 2 values above 2 and also one value with an absolute value greater than 2.5
This indicates the presence of outliers.
Thus, we reject our null hypothesis and conclude that there is bias in the graduated rates.
 Signs test
H0: There is no bias in the graduated rates
                         Vs 
H1: There is bias in the graduated rates
Here, among a total of 9 , 2 are negative while 7 are positive.
Thus, under null hypothesis
P ~ Binomial(9,0.5)
(P = number of positive )
2*P(P  7) = 2*[1 – P(P  6)]
                = 2*[1 – 0.9102]
                = 0.1796
Since, 17.96% > 5%, we do not have sufficient evidence to reject our null hypothesis at 5% level of significance. 
(v)
Since, in most of the cases the expected deaths are below the actual deaths, the company might over estimate the benefit to pay to its members.
Thus, these are not the best graduated rates to use for this purpose.

Question 4]
Answer:
(a)
Cumulative deviations test
H0: The crude mortality rates from the investigation confirm to standard mortality rates
                                                                       Vs
H1: The crude mortality rates from the investigation do not confirm to standard mortality rates
	Age
	Exposed to risk
	Number of deaths
	Standard table mortality rates
	Graduated mortality rates
	

	x
	
	
	
	
	

	40
	50000
	87
	0.2053%
	0.1712%
	102.65

	41
	48560
	84
	0.2247%
	0.1920%
	109.11432

	42
	47190
	101
	0.2418%
	0.2117%
	114.10542

	43
	44100
	112
	0.2602%
	0.2332%
	114.7482

	44
	43600
	123
	0.2832%
	0.2597%
	123.4752

	45
	40400
	110
	0.3110%
	0.2917%
	125.644

	46
	37280
	108
	0.3438%
	0.3297%
	128.16864

	47
	35370
	122
	0.3816%
	0.3738%
	134.97192

	48
	32100
	150
	0.4243%
	0.4245%
	136.2003

	49
	29000
	139
	0.4719%
	0.4820%
	136.851

	50
	26200
	151
	0.5244%
	0.5465%
	137.3928

	
	
	
	
	
	



We know, in cumulative deviations test, under null hypothesis


Since, this is a two tailed test
-2.067011 < -1.96 where -1.96 is 
Therefore, we have sufficient evidence to reject our null hypothesis at 5% level of significance.
Thus, we conclude that the crude mortality rates from the investigation do not confirm to standard mortality rates.

Question 5]
Answer:
(i)
(a)
In the case of graduations, smoothness and adherence to data are conflicting statements. The reason being that as the rates become smoother, they tend to lose adherence to data. The extreme case of smoothness is a straight linear line, where the adherence to data is very poor.
However, the art of graduation is to find an optimal balance between smoothness and adherence to data.
(b)
The analyst performing graduation has to find a fair balance between smoothness and adherence to data according to the objective of the study. There are methods of graduation like graduation using parameters, graduation by reference to standard table and graduation using spline functions that ensures smoothness of the crude rates. However, in order to determine the level of adherence to data, we need to perform statistical tests on the graduated and the crude rates. In case the tests fail, there needs to be a trial-and-error method employed in order to get the desired level of smoothness and adherence to data.
(ii)
 Given that:

For performing chi-square test, we will require 







H0: The estimates of crude mortality rates are similar to the graduated rates using parameters 
                                                               Vs 
H0: The estimates of crude mortality rates are statistically different to the graduated rates using parameters 

	Age (x)
	
	
	
	
	

	

	30
	245
	250000
	0.0008984
	224.6
	1.361211
	1.852895

	31
	276
	250000
	0.00100899
	252.2475
	1.495533
	2.236619

	32
	313
	250000
	0.00113317
	283.2925
	1.765016
	3.115282

	33
	323
	250000
	0.00127263
	318.1575
	0.271487
	0.073705

	34
	339
	250000
	0.00142922
	357.305
	-0.9683898
	0.937779




Since, there are 5 ages and 2 parameters are estimated the degrees of freedom is 3

Since, 8.21628 > 7.815, we have sufficient evidence to reject our null hypothesis at 5% level of significance.
Thus , we conclude that the model used to fit the crude values are not a good fit given the actual death information.

Question 6]
Answer:
(a)
If we look at the given values of crude rate , it can observed that starting from age band 18-22 to age band 53-57, the crude rate was increasing. However, for the age band 58+ the crude rate is lower than the crude rate of age band 53-27. 
This is neither practically nor theoretically feasible. Since, mortality rate should be increasing function of age. One of the reasons for this observation could be a sampling error.
Thus, we cannot use this crude rate for premium calculation because of the above-mentioned reason.
 (b)
 Overall goodness of fit (Chi-square test)
H0: The graduated rates are similar to the estimates of the crude rate.
                                            Vs 
H1: The graduated rates are statistically different from the estimates of the crude rate.
	Age Band
	
	

	18-22
	0.5249
	0.27552

	23-27
	0.3615
	0.130682

	28-32
	1.0266
	1.053908

	33-37
	-1.0912
	1.1907174

	28-42
	1.2394
	1.5361124

	43-47
	0.5949
	0.353906

	48-52
	0.6346
	0.4027172

	53-57
	0.1787
	0.0319337

	58+
	-0.03673
	0.0013491





Since, 4.976846 < 16.92, we do not have sufficient evidence to reject our null hypothesis.
Thus, we conclude that the graduated rates are similar to the estimates of the crude rates.
 Smoothness
	Age Band
	
	
	
	

	18-22
	0.0061
	0.007
	0.0061
	0.0033

	23-27
	0.0131
	0.0131
	0.0094
	0.0033

	28-32
	0.0262
	0.0225
	0.0127
	0.002

	33-37
	0.0487
	0.0352
	0.0147
	-0.0009

	28-42
	0.0839
	0.0499
	0.0138
	-0.0044

	43-47
	0.1338
	0.0637
	0.0094
	-0.0076

	48-52
	0.1975
	0.0731
	0.0018
	

	53-57
	0.2706
	0.0749
	
	

	58+
	0.3455
	
	
	



It can be observed that the third difference of  is not very small in magnitude and there are sudden jumps instead of it being a gradual change.
Thus, the graduated rates are not very smooth.


Question 7]
Answer: 
The Lee-Carter model has two factors – age and period and can be written as:

Where,
 is the central mortality rate at age x in year t
 describes the general shape of mortality at age x (more exactly it is the mean of the time-averaged logarithms if the central mortality rate at age x)
measures the change in the rates in response to an underlying time trend in the level of mortality k
 reflects the effect of the time trend on mortality at time t
  are independently distributed random variables with means of zero and some variance to be estimated
The usual constraints imposed in the Lee-Carter model are that:


[bookmark: _Hlk85310060]Question 8]
Answer:
The mortality projection by expectation method involves the use of reduction factors, , which measure the proportion by which the mortality rate at age x, , is expected to be reduced by future year t.    
It can be written as:

Where,
 is the ultimate reduction factor and  represents the proportion of the total decline expected to occur in ‘n’ years. Expert opinion is used to set the targets  and . 

Question 9]
Answer:
(i)
(a)
H0: The estimates of crude rates are similar to standard mortality rates 
                                                         Vs 
H1: The estimates of crude rates are significantly different from standard mortality rates.
	Age
	Initial Exposed to Risk
	Standard mortality rates
	Expected deaths
	Actual deaths
	

	

	x
	
	
	E
	A
	
	

	50
	2305
	0.0064
	14.75
	15
	0.065094
	0.004237

	51
	2475
	0.0069
	17.08
	16
	-0.261324
	0.0682902

	52
	2705
	0.0075
	20.29
	22
	0.379625
	0.144115

	53
	2900
	0.0081
	23.49
	23
	-0.101101
	0.0102214

	54
	3170
	0.0087
	27.58
	27
	-0.1104411
	0.0121972

	55
	6730
	0.0094
	63.26
	66
	0.344497
	0.1186782

	56
	6875
	0.0101
	69.44
	67
	-0.2928094
	0.08573735

	57
	8190
	0.0109
	89.27
	88
	-0.134416
	0.01806766

	58
	8200
	0.0117
	95.94
	102
	0.6186895
	0.3827767

	59
	7680
	0.0119
	91.39
	80
	-1.1914461
	1.4195438

	60
	7160
	0.0121
	86.64
	85
	-0.1761914
	0.0310434

	Total
	58390
	
	599.12
	591.00
	
	2.2949079



Since, the mortality experience was compared with a published standard mortality table
The degrees of freedom will be maximum 11

Since, 2.2949079 < 19.98, we don not have sufficient evidence to reject out null hypothesis at 5% level of significance.
Thus, we conclude that the estimates of crude mortality rates are similar to that of standard mortality rates.
(b)
H0: There is no overall bias present in the standard mortality rates
                                                          Vs 
H1: There is an overall bias present in the standard mortality rates
We know, in cumulative deviation test, under null hypothesis



Since, cumulative deviations test is a two-sided test,
 -1.96 < -0.331741 < 1.96
Thus, we do not have sufficient evidence to reject our null hypothesis.
Hence, we conclude that there is no overall bias present in the standard mortality rates.
(c)
H0: The rates are not over graduated
                           Vs 
H1: The rates are over graduated
Here there are total of 11  values out of which 4 are positive and 7 are negative
And there are 4 positive groups

Since 4 >1, 
We do not have sufficient evidence to reject our null hypothesis
Hence, we conclude that the rates are not over graduated.

Question 10]
Answer:

	Age
	Actual claims (Last year)
	Expected claims (last year)
	Expected claims (current year)
	
	Actual claims (CY)
	
	

	25
	808
	810
	724
	722.2124
	719
	-0.11954
	0.0142888

	30
	1851
	1708
	1433
	1552.976
	1322
	-5.861172
	34.35334

	35
	1400
	1084
	444
	573.432
	500
	-3.06651
	9.403484

	40
	1562
	1705
	1397
	1279.832
	1207
	-2.03585
	4.144685

	45
	1366
	1572
	1465
	1273.022
	1177
	-2.69124
	7.242785

	50
	1296
	1643
	1209
	953.6604
	905
	-1.57572
	2.482891

	55
	2200
	2911
	2436
	1841.017
	1798
	-1.002562
	1.005131





Since, 58.646605 > 14.07, we have sufficiently strong evidence to reject the null hypothesis at 5% level of significance.

Question 11]
Answer:
H0: The graduated rates are similar to the estimates of the crude rates.
                                             Vs 
H1: The graduated rates are significantly different from the estimates of the crude rates. 
	Age
	
	
	
	
	
	

	20
	1060
	0.0125
	13.25
	12
	-0.343401
	0.11793

	21
	1250
	0.0118
	14.75
	14
	-0.19528
	0.038136

	22
	1210
	0.0134
	16.214
	16
	-0.05315
	0.002825

	23
	700
	0.0102
	7.14
	9
	0.69609
	0.484538

	24
	875
	0.0111
	9.7125
	11
	0.41313
	0.170673

	25
	950
	0.0137
	13.015
	15
	0.550223
	0.302745

	26
	805
	0.0126
	10.143
	10
	-0.044901
	0.0020161

	27
	1390
	0.0127
	17.653
	16
	-0.393427
	0.1547844

	28
	1080
	0.0122
	13.176
	17
	1.05348
	1.109819

	29
	1310
	0.0131
	17.161
	14
	-0.763051
	0.582246





Since, 2.9657125 < 18.31, we do not have sufficient evidence to reject our null hypothesis.
Hence, we conclude that the graduated rates are similar to the estimates of the crude rates.

Question 12]
Answer:
(a)
The role of graduation in producing the national life table is as follows:
 To smoothen the estimates of crude rates which can then be used for specific purposes.
 To remove any sampling errors.
 To obtain information from adjacent ages to estimate the rate at a particular age.
(b)
Procedure to use for graduating the crude rates:
Step 1]  To select a method of graduation
Step 2]  Select a statistical method to provide the graduated rates
Step 3] Test the graduated rates using several statistical tests
Step 4] The process will be repeated until the desirable level of smoothness and adherence to data is achieved. 
(c)
Consistency between graduated rates and a published standard table implies two concepts: the shape of the mortality curve over the range of ages and the level of mortality rates.
(d)
Serial correlations test is one of the tests that is performed while graduation. The purpose of serial correlations test is to test for clumping of deviations of the same sign (an issue that will not be picked up by a chi-squared test). If clumping is present, then the graduation has the wrong shape.  
(e)
	Age
	Expected deaths
	Actual deaths
	
	
	
	
	*

	 

	60
	38.3
	36
	-0.3716451
	-1.014146
	-0.403433
	-1.045934
	0.421964
	0.162758

	61
	40.45
	34
	-1.014146
	-0.693173
	-1.045934
	-0.724961
	0.7582614
	1.093978

	62
	42.52
	38
	-0.693173
	-0.6831125
	-0.724961
	-0.7149
	0.5182746
	0.525569

	63
	44.56
	40
	-0.6831125
	0.6332004
	-0.7149
	0.6014127
	-0.42995
	0.511082

	64
	47.63
	52
	0.6332004
	-0.4539797
	0.6014127
	-0.485767
	-0.2921464
	0.361697

	65
	51.25
	48
	-0.4539797
	0.22178141
	-0.485767
	0.189994
	-0.0922928
	0.235967

	66
	55.35
	57
	0.22178141
	0.585212
	0.189994
	0.5534243
	0.1051473
	0.036098

	67
	60.45
	65
	0.585212
	0.7269434
	0.5534243
	0.6951557
	0.384716
	0.306279

	68
	63.22
	69
	0.7269434
	0.755509
	0.6951557
	0.7237213
	0.503099
	0.483241

	69
	67.78
	74
	0.755509
	0.6430781
	0.7237213
	0.6112904
	0.44240388
	0.523773

	70
	71.56
	77
	0.6430781
	
	0.6112904
	
	0
	0.373676




Using the formula,

Here m = 11 and j = 1


We know,



Since 1.8339622 < 1.96, we do not have sufficient evidence to reject our null hypothesis.
Thus, we conclude that the graduated rates are similar to the estimates of the crude rates.

Question 13]
Answer:
(a)  
Individual standardised deviations test
	Range
	(-∞,-3)
	(-3,-2)
	(-2,-1)
	(-1,0)
	(0,1)
	(1,2)
	(2,3)
	(3,∞)

	Actual
	0
	2
	1
	9
	4
	2
	2
	0

	Expected
	0
	0.4
	2.8
	6.8
	6.8
	2.8
	0.4
	0



Here ideally should be 10 values between 0 and ∞. However, there are 8 values actually lying between 0 and ∞.
There are a total of 4 values in the ranges (-3,-2) and (2,3) indicating the presence of outliers.


Since, 16.05042 > 14.07, we have sufficient evidence to reject the null hypothesis.
(b)  
Signs test
There is a total of 20  values out of which 12 are negative and 8 are positive.
Under null hypothesis,
Assuming P ~ Binomial (20,0.5) where P is the number of positive values
2*P(P ≤ 8) = 2*0.2517 = 0.5034
Since, 0.5034 > 0.05, we do not have sufficient evidence to reject our null hypothesis at 5% level of significance.

Question 14]
Answer:
(i)
Under graduation refers to a situation in graduation wherein the graduated rates adhere more to data relative to smoothness.
Over graduation refers to a situation in graduation wherein the graduated rates are smoother relative to adherence to data.
(ii)
H0: The graduated rates are similar to the estimates of the crude rates.
                                             Vs 
H1: The graduated rates are significantly different from the estimates of the crude rates. 

	Age group
	Average age
	
	
	
	
	
	
	
	

	20-25
	23
	900
	2
	0.0011
	0.0022
	1.98
	0.02
	0.014213
	0.000202

	26-30
	28
	1200
	4
	0.0012
	0.0024
	2.88
	1.12
	0.659966
	0.435556

	31-35
	33
	1300
	5
	0.0013
	0.0026
	3.38
	1.62
	0.881164
	0.776450

	36-40
	38
	1500
	7
	0.0018
	0.0036
	5.40
	1.60
	0.688530
	0.474074

	41-45
	43
	1100
	8
	0.0027
	0.0054
	5.94
	2.06
	0.845228
	0.714411

	46-50
	48
	800
	9
	0.0045
	0.0090
	7.20
	1.80
	0.670820
	0.450000

	51-55
	53
	650
	9
	0.0075
	0.0150
	9.75
	-0.75
	-0.24019
	0.057692

	56-60
	58
	350
	5
	0.0115
	0.0230
	8.05
	-3.05
	-1.07498
	1.155590





Since, 4.063974 < 12.59, we do not have sufficient evidence to reject the null hypothesis at 5% level of significance. 
Thus, we conclude that the graduated rates are similar to the estimates of the crude rates.
(iii)
 Signs test
The signs test is a simple test for overall bias.
It is designed to identify the second deficiency of the chi-squared test, i.e., failure to detect where there is an imbalance between positive and negative deviations.
There are a total of 8 values of  out of which 6 are positive and 2 are negative
Under null hypothesis,
P ~ Binomial(8,0.5)    where P are the number of positive values
2*P(P ≥ 6) = 2*[1 – P(P ≤ 5)] = 2*[1 - 08555] = 0.289
Since, 0.289 > 0.05, we do not have sufficient evidence to reject our null hypothesis at 5% level of significance. 
Thus, we conclude that there is no overall bias in the graduated rates.
 Grouping of signs test
The grouping of signs test is a test for over graduation
Here, there are a total of 8 values of  out of which 6 are positive and 2 are negative
Also, there is 1 group of positive values
Since this is grater than 0, we do not have sufficient evidence to reject the null hypothesis at 5% level of significance.
Thus, we conclude over graduation is absent.

Question 15]
Answer:
(a)  
H0: The graduated rates are similar to the estimates of the crude rates
                                                Vs 
H1: The graduated rates are significantly different from the estimates of the crude rates
	t 
	
	
	
	
	
	1 - 

	
	

	0
	0.1515
	0.1324
	3706
	561.45900
	490.67440
	0.86760
	3.43070
	11.76968

	1
	0.0963
	0.1051
	3262
	314.13060
	342.83620
	0.89490
	-1.63884
	2.68579

	2
	0.0746
	0.0832
	5171
	385.75660
	430.22720
	0.91680
	-2.23917
	5.01388

	3
	0.0683
	0.0654
	3243
	221.49690
	212.09220
	0.93460
	0.66799
	0.44621

	4
	0.0553
	0.0521
	5147
	284.62910
	268.15870
	0.94790
	1.03306
	1.06722

	5
	0.0396
	0.0438
	3850
	152.46000
	168.63000
	0.95620
	-1.27341
	1.62157

	6
	0.0432
	0.0383
	3080
	133.05600
	117.96400
	0.96170
	1.41694
	2.00773

	7
	0.0514
	0.0381
	2094
	107.63160
	79.78140
	0.96190
	3.17916
	10.10707

	8
	0.0381
	0.0423
	1083
	41.26230
	45.81090
	0.95770
	-0.68672
	0.47158

	9
	0.0437
	0.0515
	1511
	66.03070
	77.81650
	0.94850
	-1.37184
	1.88195





Since, 37.072675 > 14.07, we have sufficiently strong evidence to reject the null hypothesis.
Thus, we conclude that there graduated rates are significantly different from the estimates of the crud rates.
(b)  
Standard deviation test
H0: The individual standardised deviations follow standard normal distribution
                                             Vs 
H1: The individual standardised deviations do not follow standard normal distribution
Here, as we can see that there are two values that are greater than 3 and one value that is less than -2. This indicates the presence of outliers.
Thus, by the test of eye, we can conclude that we reject the null hypothesis and that the individual standardised deviations do not follow standard normal distribution.

(c)  
H0: There is overall bias in the graduated rates
                                Vs 
H1: There is no overall bias in the graduated rates
There are 10  values out of which 5 are positive and 5 are negative.
Since 50% are positive and 50% are negative values, we do not have sufficient evidence to reject our null hypothesis.
Thus, we conclude that there is no overall bias in the graduated rates. 


