
FINANCIAL ENGINEERING ASSIGNMENT 1

1. 

i) Arbitrage opportunity:
It is a situation where the investor can make risk free profit because of the price mismatch of the same underlying in two different markets.

It means that an investor:
(a) Can start at time 0 with a portfolio that has  a net value of zero i.e the investor in taking both long and short positions
(b) At time t in future:
The probability of loss is 0 and that of earning profit is positive i.e >0

 
If such an opportunity exists then the investor 

ii) Law of one price:
It states that any 2 portfolios that have exactly the same way must have the same price. If this condition is not satisfied then, the investor can buy at cheap price and sell at higher price to earn risk less profit

iii) K=120(put opt) ; S0=125 ; r=5%; t=3/12; call opt=30
a) Q=15%p.a 
By using put call parity; the value of the put option should be:



b) If p=23
If the price of put opt is 23 the investor could buy put option at a cheaper price and sell a call option at higher price 
Eg:
Sell call – Rs 30
Buy put – Rs 23
Borrow cash – Rs 100 to buy underlying 
Buy 1 share – Rs 125 
∵Put call parity doesn’t hold true, ∴ the investor can make arbitrage profit. We can check as follows:

In the duration of 3 months, total amount to be repaid=
We also receive dividends on the share

If the S0>K,
Then the opposite party will exercise the call option and we have to handover 1 share to them and we will have to purchase the underlying stock at 120 and we will get a dividend d. 
∴Profit=120-101.26+d=18.74+d
(We wont exercise the put option)

If S0<K
Then the opposite party will not exercise the call option, and we will exercise the put option and sell it for 120 
∴Our profit=120-101.26+d =18.74+d


2. 
Z is a SBM,
∴dZt=1*dZt+0dt
G=


By Ito’s Lemma 
dG= 
               
			
 
		
			
                             
	             


3. F(t,x)=e-tx2
X is SDE 
dXt/Xt=0.25 dt+ σ dWt 

(i) dYt=?
 = -f


By Ito’s Lemma,









(ii) The process is martingale if drift is 0. This means σ2-0.5=0 
i.e σ2=0.5 




4. Let the dividends be denoted by d1,d2,….dn
If the option is exercised prior to the ex-dividend date then the investor receives S(t)-K.
If the option is not exercised, the price drops to S(t)-d
The value of the American is > than S(t)-d-Ke(-r(T-t))
It is never optional to exercise the opt if S(t)-dn-Ke(-r(T-t))≥S(tn)-k 
i.e dn ≤ K*(1-e(-r(T-t)))

Using the above mentioned equation we have K*(1-e(-r(T-t)))=350*(1-exp(-0.95*(0.8333-0.25))=18.87 and 65*(1-exp(-0.95*(0.8333-0.25))=10.91


5. Let S be the Stock price
P(S>258)=?
S~GBM
i.e St=S0 exp(μ-σ2/2)t+ σWt     
∴Ln(St)~N((ln(S0)+(μ -σ2/2)t+σ Wt),σ2t) 
∴ ln(St)~ϕ(ln254+(0.16-0.352/2)*0.5,0.35*0.51/2 )
=ϕ(5.59,0.247)
∴P(S>258)=1-N(5.55-5.59)/0.247 = 1-N(-0.1364)=0.5542
The put option is exercised if the stock price is less than Rs 258 in 6 months time.
The probability = 1-0.5542=0.4457










6. 
(i) 
St=S0 e μ t+σ Bt
St is SBM
By Ito’s Lemma,
dBt=0Xdt+1XdBt
Let G(t,Bt)=




∴By using Ito’s Lemma



So, c1=σ and c2=μ + ½ σ2

(ii) 





7. 
(i) u:Up move
d:Down move
p:Probability of up move
(1-p):Probability of down move 

∴E(Ct)=S0[pu+(1-p)d]
∴Var(Ct)=E(Ct2)-[E(Ct)]2
                 = S02[pu2+(1-p)d2]- S02[pu+(1-p)d]2
                 = S02[pu2+(1-p)d2 –(pu+(1-p)d)2]
                 = S02[p(1-p)u2+p(1-p)d2-2p(1-p)] (∵d=1/u)
                 =S02*p(1-p)(u-d)2
∴By equating we get,
S0ert= S0*p(1-p)(u-d)2                  -(1)
σ2S02t= S02*p(1-p)(u-d)2               -(2)

∴From (1)




Substituting d=1/u and multiplying by u throughout,

This is a quadratic equation 

(ii) 
(a) σ =0.15; t=0.25
∴u=e0.15*√ .25 =exp(0.075)=1.0778840
∴d=0.927740






8. 
(i) Consider a stock whose current price is S0, and an option whose current price is f. We assume that the option lasts till time T and the stock price can move in 2 directions, up or down. It can move up from S0 to S0u or down from S0 to S0d; u>1 and d<1

Let the payoff be Su if S, stock price becomes S0u and Sd if S becomes S0d
 Constructing a portfolio with short position in the option and long position in Δ shares. We have to calculate the value of  Δ such that the portfolio becomes risk free.

If the S moves upward, value of portfolio= Δ S0u- Su
And if the S moves downwards, value of portfolio= Δ S0d-Sd
The portfolios are equal if Δ S0u- Su= Δ S0d-Sd


The cost of the portfolio is ΔS0-f
The portfolio grows at risk free rate,r 
∴ ΔS0-f
This implies f= ΔS0-
∴On substituting value of Δ, we get, 


(ii) The formula of option pricing does not involve probabilities of stock moving up or down. But it is obvious to assume that the probability of an upward movement in stock increases the value of call option, where as it decreases the value of put option. The reason behind this is that we calculate the value of option not in absolute terms but in terms of the value of the underlying stock where the probabilities of future movements in the stock already incorporates in the price of the stock. 

(iii) 



On substituting the value of p we get, 


(iv) In a risk neutral world, individuals do not require compensation for risk. 
∴Expected return on all securities and options is risk free interest rate. 
Hence, value of an option is its expected payoff in a risk neutral discounted cashflow at risk free rate.


9.  
(i) F: Forward price
S: Stock price 
r: risk free rate (Compounded continuously)
t: Delivery time
c: Price of European call option
P: Price of European put option
K:Strike price

F=Sert 

Using, Put Call parity
c+K.e-rt =p+S

t=0.25 
To find F, we first need to find S and r

∴By using the put call parity formulae we get,
13.334+70*e-0.25r =0.12+S
8.869+75*e-0.25r =0.568+S
By solving the equations simultaneously, we get,
S=82 and r=7%
∴F=82*e7%*0.25=83.45

(ii) rk=risk free rate (compounded cont.) for k months
The required forward rate rf can be found from:

r3=7%
∴r6=6% and rf=5%

(iii) Using put call parity for each row of the table we get,




∴On solving these equations;
a=77.5
b=5.177
c=4.119


10. 
(i) Risk neutral probability,


Where , 
u: up move, d: down move

For a recombining model,


∴The condition u>1>d should hold true for no arbitrage opportunities.
u>1 


Hence proved


(ii) Since each step is 1 month and the expiry of the derivative is 1 year from today.
∴12 step recombining binomial model is created with n=12

At time, T=12 months; S=S0ukdn-k
With risk neutral probability of   
The payoff of the derivative at time T=12 is 





                             
                              
                             
                              

11. 
(i) A recombing binomial tree is one in which the sizes of the up and down moments/steps are assumed to be the same under all states and across all time intervals. 
∴risk neutral probability: q is also constant throughout all the time periods and states
Advantage: It has only n+1 states where as the non-recombining binomial model has 2n states. This reduces the time spent on computation of the model
Disadvantage: It assumes that the volatility and drift parameters are constant over the time.

(ii) 
(a) Risk neutral probabilities at step 1 and 2 are:


Put payoffs at the expiration date at four possible states of expiry are 0,0,0,95
∴On working backwards, V1(1) following an up step over first 3 months is:

V1(2): Value pf opt following a down step over first 3 months is:

∴The current value of the option is:

(b) The proposed modification would give accurate valuation but there would be many parameters added. Appropriate values of u and d of each branch and r for each month would be required.
The binomial tree would have 64 nodes in the last column of expiry. This is difficult to solve manually and would require the help of programming software.
An alternative approach could be using a 6 step recombining binomial tree which would have only 7 nodes in the last column.



12.  Given Z(t) is SBM
a) dU(t)=2dZ(t) -0 = 0d(t)+2dZ(t)
∴The stochastic process U(t) has zero drift

b) dV(t)=d[Z(t)]2-dt
d[Z(t)]2=2Z(t).dZ(t)+2/2 d[Z(t)]2
                        =2Z(t).dZ(t)+dt [Multiplication rule]
∴dV(t)= 2Z(t).dZ(t) 
∴The stochastic process V(t) has zero drift 

c) dW(t)= d[t2Z(t)]-2t Z(T).dt
∵ d[t2Z(t)]=t2dZ(t)+2t Z(t).dt
∴dW(t)=t2dZ(t)
∴The stochastic process W(t) has zero drift 


13. 
(i) Let St/S0 ~LN[(μ -0.5σ2)t,σ2t] such that E[Return on stock]=μ and var(R)=σ 
∴The Expected value of stock price at the end of step 1 =S0 eμδt 
The expected value on the tree at time 1 = qS0u+(1-q)S0d

∴In order to match the expected values
 S0 eμδt= qS0u+(1-q)S0d
∴q=( eμδt-d)/(u-d)
σ of the stock price is defined so that σ√δt is the Standard deviation of the return on the stock price in a short period of time δt

The variance of the stock price return is


∴Substituting the value of q in the above eq, 

Higher powers of δt other than δt are ignored
 

(ii) S=200
r=10%
σ =35%
T=2 months
t=0.0833(1 month)

u=1.1063
d=0.9039
q=0.5161
p=(1-q)=0.4839
K=200

	t=0
	t=1 
	t=2
	Payoff @K=200
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	Payoff=9.85
	163.41
	19.22

	
	
	180.78
	



The value of option at T=1 is 

∴The American option wont be exercised

The value od put option at T=0 is 


14. 
(i) Pay off diagram for European Call
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u=1.06
d=0.95
r=0.05
t=0.25

1-p=0.4311

Value of 6-month European call=

(ii) Pay off diagram for European put
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Value of European put opt=
                                                   =13.759

By using put-call parity,
Value of put + stock=500+13.759=513.759
Value of call+discounted price=16.351+510*e-0.05*0.5=513.759

(iii) For the American option, the value at final nodes is same for a European Option.
At the earlier nodes, the value of the option is > value calculated at the node and the payoff from the early exercise.

Value at node B=6.5*e-0.25*5%*0.4311=2.767
e-0.25*5%*35*0.4311+2.767*0.5689=16.46

(iv) Expected payoff in 3 months time is calculated by using real rate of return of 9%
P=0.6614
∴Expected payoff=20*0.6614=13.228



15. 
(i) Let f=f(t,St)=Sk

By using Ito’s lemma,

 
∴f=Sk~GBM with μ =
And volatility= kσ 


This means 

∴E(f)=
∴Var(f)=


(ii) Let f=f(t,St) = e-rtSt

∴By using Ito’s Lemma

      
This is a martingale if and only if μ =r 



(iii) Combining results from (i) and (ii), we need discounted Sk to be a martingale

∴For given values of r,σ,k we can solve for the value of μ for which Sk is a martingale



      

