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1. 
i. Arbitrage opportunity:
An arbitrage opportunity refers to an opportunity wherein one can make risk less profit due to mispricing of assets. More specifically it means that:
· We start at time 0 with a long position in some assets and short in some such that the net cashflow at time 0 is 0
· At time T, there is a strict positive probability of making profit and 0 probability of making a loss.
 If such an opportunity existed then investors can take multiple such portfolios and make huge profits.  However, if such an opportunity existed, investors will jump in to take advantage of it and the price mechanism will make the opportunity itself go away. 

ii. If we assume that there are no arbitrage opportunities in the market, then the law of one price states that any two assets or a combination of assets that have the same payoff at time T should have the same price at time 0. 

iii. pt=price of the European put option
     
a. 
According to put call parity:


11


b. If the price of the put option is 23, it means that the option is underpriced
We can buy the cheap side from the put call parity and sell the expensive side:
Therefore, the strategy is:
	Buy put option
	-23

	Buy one share 
	-125

	Sell call option
	30

	Borrow cash
	118



 At time 0 
The cash outflow is: 
23+125 =148
     The cash inflow is:
      118+30=148
Therefore, the net cashflow at time 0 is 0
After 3 months,
We must repay=
We will receive dividends worth q 
If the price of the share is above 120:
The call option will be exercised by the party but the put option goes worthwhile. 
The total payoff is:
=120-119.48+q 
=0.5157+q 
If the price of the share is below 120:
The put option will be exercised but the call option goes worthwhile
The total payoff is: 
=120-119.48+q 
=0.5157+q 
Thus, is both cases we see that the investor has made a positive profit with a cost of 0

 
2. 

is a standard Brownian motion, therefore 

G=
We know that f(x,t) is a martingale
Given, m is a differentiable function.
By ito’s lemma:



       
      
 As we know, f(x,t) is a martingale. This implies that it has zero drift. Thus, the dt term should go to zero.






3. 
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ii. The process is a martingale when  is 0. 
This means that 

4. 
T-t=10 Months
r=9.5% p.a 
X=350
c(dividend)=10
Let t be the time before the ex-dividend date
If the option is exercised prior to ex-dividend date:
Payoff=St-350
If the option is not exercised the value of the stock falls
Payoff=St-dt-350
Also, Ct>ct
i.e 
=




5. 


 
 K= 258 
T=6 months
We know that 



=

We need to compute the probability of exercising call option:

)
)

=
=
=
=0.55172

Thus, the probability of exercising put option:

1-0.55172
0.4482

6. 
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ii. 

=)
                       
                      
                      , for us,  is t and t=
=)
=

                      
                      =
-
                      =-
                     =-
                     =

iii. 





The expectation terms can be dealt with as MGFs of a Normal distribution
Thus, 




7. 

i. Probability of up move=p
Probability of down move=1-p
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8.
i. One step binomial model- risk neutral approach:
Let’s consider an option with strike price X:
Consider a price of the stock (underlying) at time 0, to be 
At time t=1, the price can either go up or down. 
u and d here are the growth factors
If it goes up the price is denoted by , the payoff from the derivative will be 
And if it goes down it is denoted by , the payoff from the derivative will be 
At time 0, the portfolio that we will hold is



At time 1
 if the stock price goes up and
 if the stock price goes down


Thus, 

Solving this gives us, 

Substituting this in (1) gives us 

The risk neutral probability is: 
To ensure no arbitrage
 must hold true, this ensures 0<q<1
Thus, 



ii. The probabilities derived above is the risk neutral probability, this is an artificial probability which might not correspond with the real-world probability of stock price movements. Here we are saying that the expected return on a risky stock is the same as that on a risk-free cash investment. 
iii. The expected stock price

From i. we know that 
                          
                      
                       
                      Hence stock price grows at the risk free rate.
iv. In a risk neutral word individuals do not require compensation for risk or they are indifferent to risk. Hence expected return on all securities and options is the risk free interest rate. Hence value of an option is its expected payoff in a risk neutral discounted at risk free rate.

 9.
  i.  The price of the forward is given by  
      Using put call parity and taking values from the first two rows:
     

Solving these equations simultaneously, 


And 

ii. 
iii. we can find the values of a,b and c using put call parity



Thus, when we solve each, we will get



10.
Given, r=0
i.  


For a recombining tree, 


For no arbitrage to hold, 
Thus, 
Thus, 
Hence proved
ii. We need a 12-step recombining tree to price this option
Payoff=
The value of the derivative can be given by:
P= present value factor *payoff * probabilty
 

11.
i. The main advantage of the recombining tree over a non-recombining one is that at time n, a recombining tree will have n+1 states while a non-recombining will have  states. This is because the value of u and d are constant at each step. To put this in perspective think of a tree with 12 time periods. For a non-recombining tree, at time 12 there will be only 13 states but for a non-recombining tree there will be 4096 states. Thus, a non-recombining tree is computationally complex.
Another advantage of a recombining tree is that the value of q will remain constant at every step. Thus the security prices after a specified number of up and down moves is the same, irrespective of the order in which the movement occurred. 

ii.  Given: 
   

 
a) Value of the put option:
	Share price at time 1
	Share price at time 2
	Payoff at time 2

	1100 
	1320
	0

	
	990(twice)
	0

	950
	1140 (twice)
	0

	
	855
	95






Similarly, 


Therefore, 



iii. The researcher is suggesting using a 6 step non-recombining tree, although this will give more accurate values, there will be a lot more parameters to specify since the values of u and d wont be constant. The new tree would have states at time 6. This makes the model computationally complex. A better alternative is a 6-step recombining tree which will have only 6+1=7 states at time 6. This would be numerically more efficient.  


12. 
a. U(t)=2Z(t)-1
U=U(t)



Thus, this process has 0 drift

b. 
     
   



Thus, this process has 0 drift

c. 
  
  Let
  




Thus, this process has 0 drift


13.





i. , since stock price follows geometric Brownian motion
   Thus, 
Assumption: u=1/d
   

The variance is given by:






ii.q=0.5161 
Payoff at time 1= 0,9.85 and payoff at time 2=0,0,6.62,19.22
Value of (holding the) option a time 1=
=12.61. This is more than the payoff of exercising the option (9.85). Thus, we will hold the option. 
Value at time 0=



14. 

i. K=510

Payoff: 
	Share price at time 2
	Payoff at time 2 (CALL)
	Payoff at time 2 (PUT)
	Payoff at time 1 (PUT)
	Payoff at time 1 (CALL)

	561.8
	51.8
	0
	UPMOVE:0
	20

	503.5 (2)
	0
	6.5
	-
	-

	451.25
	0
	58.75
	DOWNMOVE:35
	0


 
Value of the 6-month European call option=


	 


ii. Value of the 6-month European call option=
   
  =13.7587
Put call parity:

LHS: =513.7587
RHS:=513.7587
Since LHS=RHS, put call parity holds.

iii. 
For the American option, the value at final nodes is same for a European Option as found in part 2. At earlier nodes, the value of the option is greater of value (of holding the option) calculated at the node and the payoff from early exercise. 
We can find that the value at node 2=  which is greater than the payoff of 0.
Value at node 3=) = 28.65 
However, payoff from immediate exercise is 35 at node C. Hence it is advisable to exercise the put option at this point. 
Value of the American put option at time t=0 will be 


iv. Real world expected return r=9%
So expected payoff in 3 months is calculated using this real rate of return. 
Thus p=0.6614. 
The payoff at time 1 of the call option was 20 (refer to table above)
Hence the expected payoff = 20*0.6614= 13.228.
However, we might not know the correct discount rate that is to be used to compute the real world probability and hence the expected payoff. Therefore, it is easier to use risk neutral valautions wherein the asset is expected to earn only the risk free rate.

15.

S follows Geometric Brownian motion
i. Let f=f(t,St)=
By ito’s lemma:
 
=
Thus, 


This, 
The mean if thus given by:  and 

ii.  Let f=f(t,St)=
    By ito’s lemma:
     
            =
Thus, for the term to be a martingale, the dt term should be 0.
 This is true only when 


iii. 
Combining results from part (i) and (ii), we need, for discounted  to be a martingale, 

For given values of r, σ and k, one can solve for the value of μ for which discounted will be a martingale
